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We present a highly efficient semi-analytical approach to model electronic states in fused spherical quantum
dots by deriving an exact analytical Fourier transform of their 3D shape function using cylindrical Bessel functions.
This mathematical novelty allows the direct application of the plane-wave expansion method to solve the
Schrodinger equation with a spatially dependent effective mass, completely eliminating the need for resource-
intensive 3D spatial meshing. Applying this to a GaAs/AlGaAs heterostructure, we demonstrate that strong
geometric overlap induces robust quantum-mechanical hybridization, causing an exponential splitting of
degenerate energy levels into symmetric and antisymmetric states. The model guarantees an exact asymptotic
transition to isolated quantum dot solutions, providing a fast and rigorous tool for prototyping complex

nanostructures.
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Introduction

Semiconductor nanocrystals, or quantum dots (QDs),
are among the most intensively studied objects in modern
solid-state physics and nanotechnology [1-3]. Due to the
three-dimensional spatial confinement of charge carriers,
their electronic and optical properties differ significantly
from those of bulk materials and can be flexibly controlled
by varying the nanoparticle dimensions. This makes QDs
ideal candidates for application in a wide range of modern
devices, including next-generation lasers, light-emitting
diodes, solar cells, biosensors, and as building blocks for
quantum information technologies [4-7].

The rapid development of synthesis technologies has
enabled the creation of nanostructures with an
unprecedented level of control over their parameters. To
date, there are various methods for obtaining QDs, among
which molecular beam epitaxy and colloidal chemical
synthesis take the leading roles [8-9]. Thanks to the
refinement of these techniques, it is possible to grow
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nanocrystals of various geometric shapes: spherical,
cubic, pyramidal, conical, as well as structures with
complex topologies, such as quantum rings or nanostars
[10-14]. Such a diversity of shapes and sizes opens up
broad possibilities for the fine engineering of the energy
spectrum and charge carrier wave functions.

Of particular practical interest is the colloidal
synthesis method, which is technologically accessible and
allows for the production of large arrays of nanoparticles
in solutions. However, during the formation of closely
packed films or superlattices, especially upon the removal
of stabilizing surface ligands, colloidal QDs often undergo
agglomeration and fusion [2, 3, 15-18]. Experimental
studies and atomistic modeling show that two separate
QDs can efficiently merge through direct surface
attachment (oriented attachment), forming a single
structure—the so-called fused QD or artificial molecule [3,
17]. This process is accompanied by a rearrangement of
the crystal lattice in the contact region and the formation
of a shared electronic system. Similar to the formation of
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covalent bonds in real molecules, the fusion of
nanocrystals leads to strong quantum coupling, wave
function hybridization, and the splitting of energy levels
into bonding and antibonding states [2]. Furthermore, the
ordered epitaxial fusion of nanocrystals is currently
considered one of the most promising pathways for
creating  two-dimensional and  three-dimensional
superlattices with unique charge transport properties [15].

Theoretical investigation of the energy spectrum of
complex-shaped and coupled nanostructures is important
for understanding and predicting their physical properties.
The electronic states in isolated QDs of various
symmetries have been studied in detail in the literature
[19-21]. Significant attention is also traditionally devoted
to systems of two or more QDs [22] that are separated by
a physical potential barrier (e.g., a matrix layer) and
interact  exclusively through quantum-mechanical
tunneling. However, systems of fused QDs (in which the
geometric barrier between nanocrystals completely
disappears and charge carriers move freely within a
combined quantization region of a complex shape) require
a separate theoretical approach. Certain aspects of the
electronic structure of fused QDs have been investigated
using density functional theory and pseudopotentials [18],
but the detailed and continuous evolution of the spectrum
during the geometric transition from two isolated spheres
to a single combined structure requires further systematic
study.

In this work, we investigate the electron energy
spectrum of a system of two spherical quantum dots,
comparing the regimes of isolated nanocrystals and the
structure formed as a result of their fusion. The main
objective is to analyze the evolution of the energy levels
and electron wave functions depending on the degree of
geometric overlap (the distance between the centers) of
the QDs, as well as to construct an analytical theory to
describe such systems.

L. Heterosystem model

We consider the QD formed by the intersection of two
identical spheres of radius a, separated by an inter-center
distance D (fig. 1). The electron effective mass inside the
QD is denoted by my, while the QD itself is embedded in
a matrix characterized

To mathematically describe this complex geometry, it
is convenient to place the origin of the Cartesian
coordinate system exactly in the middle between the
centers of the spheres on the z-axis. Thus, the coordinates
of the centers are 7, = (0, 0, -D/2) and %> = (0, 0, D/2). The
three-dimensional geometric boundary of the fused QD
can be entirely defined by a single analytical shape
function 7, which equals to unity inside the quantization
region and zero outside:

1;

FO={0 ot

. 1
otherwise. M
Using this shape function, the spatial distribution of
the confinement potential U(¥) and the position-
dependent electron effective mass m(¥) for the entire
heterostructure can be expressed in a compact form:
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where Up is the height of the potential barrier in the host
matrix.

Host Matrix
my, U=Uy

Quantum Dot

n, U= O

D :
— i

Fig. 1. Schematic cross-section of the modeled QD
formed by two intersecting identical spheres of radius a.
The distance between the centers of the spheres (O; and
0») is denoted by D.

Since the effective electron mass inside the fused QD
differs from the mass in the surrounding host matrix, we
must employ the Hermitian kinetic energy operator in the
Ben-Daniel-Duke form. The stationary Schrodinger
equation for the electron is given by:

~ 2 -
Ayp@ = [-57 - (557) + U®| v = Ep@ &)

To apply the plane wave expansion method (PWEM),
we embed the nanostructure into an artificial rectangular
supercell of volume V' = L, L, L. = L*. The dimensions of
the supercell are chosen to be sufficiently large so that the
wave function decays to zero at its boundaries, thus
eliminating the interaction between adjacent supercells.
The value L has been used the same like in works [23-25].
We expand the electron wave function in a series over an
orthonormal basis of plane waves:

. 1 .ﬁ.a
W) = ZXgcge™ )
where k is the wave vector whose components take
discrete values k; = 2nni/L (i = x, y, z; n; € Z), and ¢y, are
the unknown expansion coefficients.

Substituting this expansion into the Schrodinger
equation (4) and multiplying from the left by 1/v/V e~
after integrating over the supercell volume, we obtain a
standard algebraic eigenvalue problem:

YiHyop = Ecg, (6)

The Hamiltonian matrix elements can be calculated

analytically. Let us denote the difference vector as

q= kK —k. By applying the divergence theorem to the
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kinetic energy operator, the matrix element takes the form: where M(g) and U(G) are the Fourier transforms of the
Hyi = h?z (E, . E) M(@) + U@, 7) inverse effective mass and the potential respectively:
=1L o-id7g3, = L. L1
M(Q) - VfV m(?) e d r= my 6q,0 + (mO m)f(ﬁ)' (8)
1 N —ia 7 -
U(g = ;fv U@e 7d’r = Uobg0 — Uof (q). 9)

Here, 83, is the Kronecker delta, and f(q) is the Fourier transform of the fused QD shape function. Substituting
these expressions yields the final compact formula for the Hamiltonian matrix elements:

21712 2 N o
Hy = [M + Uo] Sui+ 5 (o — o) (- K) - Uy (R - ). (10)

2mq

The next tack lies in determining the function and the linearity of the Fourier transform, we have:
f(q) . Since the quantization region is the union of two

intersecting spheres, the volume integral cannot be simply f@ = i@ + (@) — finter (@). (12)
reduced to the sum of two independent spheres due to the
double counting of the intersection region (the "lens"). We The Fourier transform of a single sphere of radius a,
apply the inclusion-exclusion principle: shifted by a vector 7y, is analytically known (like in [23-
26]):
f(F) =f1(7)+f2(7)_ﬁnterﬁ)' (11)

S(G, 7o) = e~ 2Z (sin(qa) — qa cos(qa)).  (13)
where fi and f, are the shape functions of the isolated ° VqS( )

spheres with centers at (0, 0, -D/2) and (0, 0, D/2), and fier

is the shape function of their intersection region. Due to Thus, the sum of the two spheres yields:

L@ + @) = S 0)(e™=2/2 + e79:P/2) = 2c0s (12) - 275 - (sin(qa) — qa cos(q))- (14)

To calculate finer, we switch to a cyliqdricgl Pmax(2) = Ja? — (|z] + D/2)2.
coordinate system (p, ¢, z). The intersection region is Expressing the vector ¢q in cylindrical coordinates as

bounded along the z-axis from -4 to 4, where & = a - D/2. = _ . _ [ >
The cross-sectional radius at height z is given by 4 = (4c059, qi5ingy, ‘?Z)’ where g = /4 + 4y,
g = arctan(qy, qx) the integral takes the form:

finter(‘_i) = %f—hh dz e—iqzz fopmax(z)pdp fOZHdd)e—qupCOS((ﬁ—(ﬁq)_ (15)

Integration over the angle ¢ yields the zeroth-order property of Bessel functions [ xJ,(x)dx = xJ;(x). As a
Bessel function of the first kind, 2n]0(q”p). The result, we obtain a single one-dimensional integral:
subsequent integration over p utilizes the standard

2w ra—-D/2

finter (@) = V_qH —(a—D/2) Pmax (2))1 (qumax(Z)) e~z dz, (16)

This integral fiwr quantitatively describes the
geometric overlap correction. For the case of separated 1. Analysis of the obtained results
quantum dots (D > 2a), the intersection region vanishes, /
= 0, and consequently fiuer = 0.

Using the derived analytical expressions, we
investigated the dependence of the electron energy
spectrum in the fused QD on its geometric parameters.

The numerical calculations were performed for a
model system based on the GaAs/AliGaixAs
heterostructure. This material system serves as an
excellent physical prototype for our calculations, as it
allows for the formation of complex quantum
nanostructures, including coalesced and fused quantum
dots, which are often synthesized via droplet epitaxy [27,
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28]. For the calculations, we adopted the standard
parameters for an Al concentration of x = 0.3 [3]. The
electron effective mass inside the GaAs QDs is
mo = 0.067 m,, while in the AlyGa;xAs host matrix it is
mi = 0.092 m,. The finite potential barrier for electrons at
the interface, determined by the conduction band offset, is
relatively small U = 0.26 eV). This relatively low barrier
height physically justifies the application of the plane-
wave expansion method and ensures its fast computational
convergence.

Figure 2 presents the calculated dependencies of the
ground Ey and the first excited E; electron state energies
on the inter-center distance D for four different sphere
radii. The analysis of these curves reveals several physical
features of the energy spectrum evolution during the
fusion process. First, a general trend of decreasing energy
for all levels is observed as the distance D is reduced. This
is a direct consequence of the quantum confinement
effect: as the spheres approach and intersect, the effective
volume of the quantization region expands, leading to a
reduction in the kinetic energy of the localized electron.
Naturally, for smaller QDs (panel A, a = 3 nm), the spatial
confinement is stronger, resulting in significantly higher
absolute energy values compared to larger dots (panel D,
a=6 nm). Second, in the regime of strong geometric
overlap (D <2a), the effect of quantum mechanical
coupling becomes pronounced, analogous to the formation
of a covalent bond in diatomic molecules. Due to the
hybridization of the electron wave functions of the two
constituent spheres, the initially degenerate energy levels
split into a symmetric ground state (bonding state, Eo) and
an antisymmetric first excited state (antibonding state, E1).
The magnitude of this energy splitting, AE=FE; - Ej,
monotonically increases as D decreases. This
enhancement is attributed to the expansion of the cross-
sectional area of the "neck" connecting the two spheres,
which facilitates strong wave function delocalization and
inter-dot electronic coupling.

To verify the theoretical model, the energy spectrum

was investigated in two asymptotic limits. Upon complete
fusion (D = 0), the system degenerates into a single
spherical QD of radius a, and the calculated energy values
perfectly match the spectrum of an isolated QD. In the
opposite case (D >> 2a), the geometric overlap and the
tunneling probability vanish. The energy splitting AFE
tends to zero, and the Ey and £, levels merge into a doubly
degenerate state with an energy equal to that of an isolated
QD of radius a. Such a consistent asymptotic transition to
the known solutions confirms the mathematical rigor of
the constructed Hamiltonian and the derived Fourier
transform of the

To gain a deeper understanding of the physical
mechanisms governing the evolution of the energy
spectrum, the spatial distribution of the wave functions
was investigated. Figure 3 presents the cross-sections of
the electron probability density |w(x, 0, z)|* in the y = 0
plane for the five lowest energy states. The calculations
were performed for a fixed constituent sphere radius of
a =5 nm at various inter-center distances D.

In the weak tunneling coupling regime, where the
QDs are physically separated by the host matrix potential
barrier (D = 15 nm, bottom row, Fig. 3.), the wave
functions clearly exhibit a molecular-like character typical
of quantum molecule systems. The ground (first column,
Fig. 3) and first excited (second column, Fig. 3) states are
formed as symmetric and antisymmetric linear
combinations of the 1s-like states of the isolated QDs. In
both cases, the electron density remains strongly localized
within the nanospheres, and the probability of finding an
electron in the space between them is extremely low. The
third, fourth, and fifth columns correspond to higher
spatial harmonics (analogs of p-states), which also
demonstrate strict localization within their respective
spherical regions.

Decreasing the distance to the point of physical
contact (D = 10 nm) and the subsequent fusion of the
nanocrystals (D = 8 nm) leads to the formation of a single
dumbbell-shaped quantum molecule with a pronounced
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Fig. 2. Dependence of the lowest electron energy levels on the inter-center distance D in the fused
GaAs/Alp3Gag7As QD. The calculated curves correspond to different fixed values of the sphere’s radius:

A-a=3nm,B-a=4nm,C -
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Fig. 3. Spatial distribution of the electron probability density for the lowest states, illustrating the transition from
fused QDs of complex geometry to tunnel-coupled ones. The results are shown for constituent spheres of radius
a =5 nm at various inter-center distances D: ranging from a single, strongly coupled dumbbell-shaped
nanostructure at D = 5 nm (first row) to the weak tunneling regime at D = 15 nm (last row). From left to right, the
columns correspond to the increasing order of the states (e.g., ground state, first excited state, etc.).

"neck". In this regime, the spatial distribution undergoes
fundamental changes. The symmetric ground state with
energy Ey becomes strongly delocalized. The barrier
vanishes, and a significant portion of the electron density
flows into the intersection region of the spheres (the neck),
which is physically equivalent to the formation of a strong
covalent bond. In contrast, the first excited state, being
antisymmetric, possesses a strict nodal plane at z = 0
(exactly at the center of the neck), where the probability
of finding an electron is zero. It is precisely this spatial
overlap of the wave functions in the geometric fusion
region that causes the exponential increase in the energy
splitting observed in the energy spectra.

In the limit of strong fusion (D = 5 nm, top row,
Fig. 3), when the center of one sphere lies on the surface
of the other, the system completely loses its two-dot
individuality and behaves as a single elongated QD of
complex shape. The wave function of the ground state
takes the form of an almost perfect ellipsoid centered at
the center of mass of the overall structure. The higher
excited states (columns 3-5, Fig. 3) evolve in their
symmetry from a set of isolated p-like orbitals to the
corresponding longitudinal and transverse spatial
harmonics of a single continuous nanostructure.
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Conclusions

In this work, we theoretically investigated the electron
energy spectrum and wave functions of fused QDs. We
successfully applied the plane-wave expansion method by
deriving an exact analytical Fourier transform of the
complex shape function wusing cylindrical Bessel
functions, enabling fast Hamiltonian diagonalization
without 3D grids. For the GaAs/AlGaAs system, we
demonstrated that the state energies decrease as the inter-
center distance D is reduced. In the strong overlap regime
(D < 2a), quantum-mechanical hybridization causes the
energy levels to split into symmetric and antisymmetric
states, with the energy splitting increasing exponentially.
The spatial probability density clearly illustrates the
transition from a weak tunneling regime to a strongly
coupled dumbbell-shaped nanostructure. Finally, the
model's validity was confirmed by its exact convergence
to the known solutions for isolated spherical quantum dots
in the asymptotic limits, when D =0 and D >> 2a.
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EHepFeTH‘lHI/Iﬁ CIICKTP €JEKTpPpOHA B pO3)]iJ1€Hl/IX Ta 3JINTHX C(l)equHI/IX
KBAHTOBHX TOYKAaX

Kageopa izuxu ma ingpopmayitinux cucmem, [poz2obuybkuii Oeparcasnuti nedazoiunuti ynieepcumem imeni leana ®panxa,
M. [poecobuu, Yrpaina, leshkoroman@dspu.edu.ua;
’Kagheopa ¢hisuxu ma memoouxu ii suxnadanns, Kpueopizvkuii depocasnuti nedazoziunuii ynieepcumem, m. Kpusuti Piz, Yxpaina

IpononyeTbest eheKTUBHUI HaMiBAHATITHYHUN TiIXiJ U1 MOJCTIOBAHHS CJIICKTPOHHUX CTaHIB y 3JHTHUX
chepuvHNX KBAaHTOBHX TOYKAX, 3aCHOBAaHMWU Ha BUBEICHHI TOYHOTO aHAIITHYHOTO IepeTBopeHHs Dyp'e ix
TpuBHMipHOi QYHKIIT Gopmu 3a momomoror ITiHIApHYHUX GYHKOIH beccens. Lleit mMareMaTHuHWHA TTiIXin
TI03BOJIsIE OE3MOCepEeHbO 3aCTOCOBYBATH METOJ PO3KJIAJAHHS 32 IUIOCKMMH XBHJISIMH JI0 CHCTEM 31 CKJIaJHOIO,
HecemnapabenpHo reoMeTpiero. g rerepoctpykrypu GaAs/AlGaAs mokazaHo, M0 3MEHIIEHHS MIKIEHTPOBOL
BificTaHi D CpUYMHSAE MOHOTOHHE 3HIDKCHHS CHEpTiil eNeKTPOHa, TOJl SK Y PEXKHUMI CHIBHOIO T€OMETPHYHOTO
nepekputts (D < 2a) KBaHTOBO-MEXaHiYHa TiOpuau3alis pO3LICIUIIOE pPIiBHI eHeprii Ha CHMETpU4YHi Ta
aHTHUCHMEeTpUYHi cTaHu. ['padiku IpOCTOPOBOro po3MOIiIy I'yCTHHH HMOBIPHOCTI HAOUHO AEMOHCTPYIOTh Mepexis
Bifl peXKUMY CIa0KOro TyHENIOBaHHS (MOJICKYJISIPHONOAIOHI CTaHU) 10 CHJIBHO 3B's13aHOT HAHOCTPYKTYpH y (hopMi
TaHTe.

KiouoBi cioBa: 371uTi Ta 3B'I3aHI KBAaHTOBI TOYKH, €HEPreTHYHHH CIEKTP ENEKTPOHA, TiOpHIu3aiis
XBHJILOBUX (DYHKIIiH1.
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