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In this work we investigated the effect of the non-concentricity parameter on the magnitude
of the exciton dark-light splitting in spherical non-concentric CdSe/CdS core-shell quantum dots.
Quantum dots with both narrow and wide shells have been investigated. It has been shown that
as the shell radius increases, the exchange interaction energy decreases and the exciton dark-light
splitting decreases too. However, with fixed core and shell sizes, the core displacement from the
common center leads to a monotonic increase in the exchange interaction for small shell radii and to
a non-monotonic increase for larger shell radii. The obtained results are consistent with experimental

data.
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I. INTRODUCTION

Modern demands for high energy efficiency and low
energy consumption drive researchers to develop new de-
vices based on novel organic and inorganic materials.
These include solar panels, detectors, sources of elec-
tromagnetic radiation, and solar concentrators. Solar lu-
minescent concentrators based on quantum dots (QDs),
which have high efficiency in collecting solar energy, de-
serve special attention [1]. As shown in work [2], core-
shell quantum dots (CSQDs) are particularly effective for
solar concentrators. The application of CdSe/CdS quan-
tum dots as luminescent centers has made it possible to
achieve the luminescence quantum efficiency (LQE) 86%
[2]. These CSQDs exhibit substantial absorption cross-
sections and adjustable emission properties determined
by the size of CSQDs. Additionally, colloidal CSQDs of-
fer improved photostability compared to organic chro-
mophores and can be integrated into organic or inor-
ganic matrices through solution-based methods. Also
PbS/CdS CSQDs have large LQE of 50% [3] and 70%
[4]. This efficiency is achieved because CdSe/CdS and
PbS/CdS CSQDs have a significant difference between
the absorption and luminescence bands. Simple CdSe
QDs do not have a large value of the Stokes shift [5—
7]. The Stokes shift can be increased in the CSQD by
separating electrons and holes in different regions of the
QD. It can be achieved in the CSQD of the II type or
in the CSQD of the I type with an especially thick shell,
like CdSe/CdS CSQD, (types of the QD are presented in
[8]]). In summary, the QDs with a large Stokes shift are
a promising candidate for use in solar concentrators.

Given the aforementioned, the Stokes shift in QDs is
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an important physical effect that underlies the construc-
tion of solar luminescent concentrators. There are var-
ious reasons for the Stokes shift in quantum dots. One
of the reasons is the electron—hole exchange interaction,
which causes exciton dark-light splitting [5]. The mecha-~
nism of the Stokes shift in semiconductor QDs has been
analyzed and discussed in [9]. The influence of polar-
ization and deformation on the electron—hole exchange
interaction has been analyzed in [10]. There, in [10], it
shown that these two opposite effects (polarization and
deformation) in the InAs/GaAs QD partially offset each
other. In other heterostructures with QDs (where the di-
electric permittivities and lattice constants of the media
are close to each other), the effects of strain and polar-
ization practically do not influence the exciton dark-light
splitting.

No matter what QD growth technologies are used (for
example, [11-13]), there is always a chance that the
core will be off-center, especially in the case of a thick
shell. The use of colloidal technologies allows for the
production of approximately spherical QDs. Therefore,
in most cases, spherical non-concentric CSQDs are ob-
tained. Since the core size and shell thickness affect the
energy spectra of electrons and holes, these dimensions
will consequently influence the magnitude of the Stokes
shift. As shown in [14, 15], the energy spectra also de-
pend on the non-concentricity parameter. Also it was
defined that the non-concentricity parameter has an ef-
fect on the interband absorption [16]. Given this, it is
logical to assume that the non-concentricity parameter
will also affect the exciton dark-light splitting in spher-
ical non-concentric CSQDs. This very issue is the focus
of the proposed work.
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II. THEORY OF ELECTRON (HOLE) STATES

A non-concentric CSQD is considered. The radius of
the core is rg, and the radius of the shell is ;. We assume
that the core is displaced from the common center by a
distance D along the z-axis (see Fig. 1). Also we consider
condition D < 11 — 7.

Fig. 1. The geometric model of the spherical non-concentric

CSQD

The Hamiltonian of the electron (hole) within the frame-
work of the effective mass method has the form:

i=-v. (mo)v> +U(x). (1)

m(r

In this work, the position-dependent effective mass
J

Hamiltonian is reduced to the most common BenDaniel-
Duke form [17]. More complex models of the effective
Hamiltonian with a position-dependent mass with order-
ing problem, like in [18-20] are not consided. Also the
proposed Hamiltonian (1) is written in units of effective
Rydberg energy Ry* = h?/ (2mga;?) and effective Bohr
radius aj = (k%) / (moe®), mg is an electron effective
mass in core, € = (g9 +¢1) /2 is the average dielectric
permittivity, h is the Planck constant, e is the elemen-
tary charge,

mg, T € core,

m(r) = < my, r € shell, (2)

meo, r € matrix
is the effective electron (hole) mass,

0, r € core,
U(r) =< Uy, r € shell, (3)

Uy, r € matrix

is the confinement potential for electron (hole), Us > Uyj.
If we consider electron states, the masses are as follows:
mog = mg, m1 = my, mg = ms, Uy = Uy, Uy = Us.
For hole states, we use mg = mi, m; = m?, mg = m,
U =U} Uy =Uk

To determine the energy spectrum and wave func-
tions of an electron (hole) in the spherical non-concentric
CSQD, it is necessary to solve the Schrodinger equation
using Hamiltonian (1). However, finding exact analytical
solutions for the Schrodinger equation in this case, where
D # 0, is not feasible. That’s why we use the plane wave
approach [14, 21, 22]. According to this method, the wave
function can be represented as follows

1/’ (I') = Z Cnx,ny,nz ¢£l(l),ny,nz (‘T’ Y, Z)a (4)
where
1 .
O i (X595 2) = 75 P {Z (ke + 12 Ka) x4 (ky + ny Ky) y + (k2 +n2K-) 2] }7 (5)

L represents the length of the unit cell’s edge in the x, y, and z directions within the coordinate system,

K,=K,=K,=2r/L, (6)

nwe [_nmax; s 7nmax] 9

Studies [14, 21, 22] showed that convergence was
achieved with parameters npm.x = 7 and L = 2.5 4 2ry.
Additionally, it was verified that the results are not influ-
enced by the wave vector components (k;, ky, k,) under
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Ny € [—Nmax; - -

. 7nmax] 9 nze [_nmaxa sty nmax] . (7)

[

these conditions. Therefore, for the following computa-
tions, we set k, = ky, =k, = 0.

By substituting wave function (4) into the Schrédinger
equation with Hamiltonian (1), we obtain the following
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system of linear homogeneous equations:

E (Tn;,n;,n'z + Unp g nf, — E5n;,n;,n;>

ng, Ny, N ng, Ny, N ng, Ny, N
Ng,My,Ny TNy, Nz x> Ny, Nz TNy, Nz

XChnyinyn. = 0. (8)
Matrix element Tn;,ngy‘n/z is presented in the appendix

I A
and U, ./ .. was presented and derived in the work

[14] for the spherical non-concentric CSQD.

The electron (hole) energy E and all coefficients
Ch,on,n. can be calculated using the system of linear
homogeneous equations (8) and with the normalization

condition >, - e =1 Asa result, the
wave function (4) can be determined.

Mg Ny, Nz

III. THE EXCITON DARK-LIGHT SPLITTING

The electron—hole exchange interaction is given in [5,
10]:

Hewo = —(2/3)eexen(a0)®d(re — 1) (o - J1)

= —ad(re — rp)(0e - In), 9)

where ag is the QD lattice parameter, cexenn 1S the ex-
change strength constant, which can be defined from
equation [5]:

hwst == (8/37T)(a0/aex)3‘Sexchv (10)

ey 18 the exciton radius, fiwg = 0.13 meV [5]. o is the
electron Pauli spin-1/2 matrix, Jy, is the hole spin matrix.
In the case of the singleband hole model, the hole spin
equals to 1/2.

To define the exchange interaction, we use the
electron—hole wave function in the form:

1/2 1/2

= > 2

s, =—1/2j,=—1/2
XPn(th)Xnyy. -  (11)

where x is the spin function. Using function (11), the
matrix of the electron—hole exchange interaction will take
the form [10]:

/wex Tel, I‘h Csz,jz wel(rel)Xel;sz

Z 0 0 0
0 —Z 27 0
027 -7 0] (12)
00 0 Z
where
Z=a [ ato) fone)? dr. (13)

The eigenvalues of (12) define the electron—hole exchange
interaction. Therefore we get four eigenvalues. Three of
them are equal to Z. This corresponds to an optically
active state (light states) with the total electron—hole
spin momentum equal to 1. One eigenvalue is equal to
—3Z (total electron—hole spin momentum is equal to 0).
This is a dark state. Therefore, the splitting energy is
E, =47.

IV. RESULTS DISCUSSION

The calculations were carried out for the spherical
core-shell quantum dot CdSe/CdS, using the parame-
ters specified in [6, 7]. Effective masses mo = 0.13m,
m$ = 0.21me, m§ = me [6]; md = 0.45m., m} = 0.68m,,
mb = me [6]. Here, m, is a free electron mass. The
conduction-band and valency-band energy offset Uy =
320 meV and U} = 430 meV [6]. We chose the confine-
ment potential on the boundary shell-matrix to be very
large Uf = UL = 2000 meV. First of all, we calculated
the dependence of the electron and hole energy on the
core displacement parameter D for different values of the
shell radius while keeping the core size fixed ro = 15 A.
This particular size has been considered in the works
[6, 7]. Also in these works, the shell thickness has been
obtained:

A)h=8A (r =23A);
h=16 A (r, =31 A);
h=28 A (r =43 A);
h=56A (ri=71A).

B
C

)
)
)
D)
We assume that in these and other samples, concentri-
city may be disrupted. That is why the electron and
hole energies are functions of D. The dependence of both
electron and hole ground state energies on D is presented
in Fig. 2.

From Fig. 2, it can be seen that the energy of the
electron and hole increases as the QD core shifts away
from the common center. However, as the shell radi-
us increases, this dependence becomes less pronounced.
This dependence is due to the fact that the electron
and hole are less influenced by the second heterointerface
(shell-matrix). This results are in good agreement with
the ones in [14, 16].

The relative shift in the positions of the electron
and hole wave functions will cause a change in the
electron-hole exchange interaction. The results of the
calculated dependence of the electron—hole interaction
on the parameter D are presented in Fig. 3.

From Fig. 3, it can be seen that the electron-hole
exchange interaction in concentric core-shell QD (D = 0)
decreases if the shell thickness increases from 23 to 71 A.
These results are in good qualitative agreement with the
experimental results published in [6]. Also one can see the
monotonous growth in the exchange energy with increasi-
ng D for core-shell QD with small and medium shell radi-
us (r; = 23 A and r; = 31 A). If the shell radius is large
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(for example, 1 = 43 Aorr =171 A), non-monotonous
dependence is observed. This dependence can be explai-
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Puc. 3. The energy of exciton dark-light splitting as a function of the core displacement D for different shell radii

As the shell thickness increases (for a concentric
CSQD), the electron wave function penetrates from the
core into the shell due to the shallow potential well in
the QD core. For the hole, the corresponding potenti-
al well is deeper, and the effective mass of the hole is
larger, resulting in a more localized wave function wi-
thin the core. Consequently, the overlap of the wave
functions decreases, leading to a reduction in integral
(13). Therefore, the exchange interaction in concentric
spherical core-shell quantum dots decreases with the
increase in shell thickness. However, with fixed core and
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shell sizes, the displacement of the core is accompani-
ed by an increase in exchange energy. For example, in
the case of r; = 23 A, the overlap of the electron and
hole wave functions increases monotonically with core di-
splacement. This is due to the fact that the electron also
experiences the influence of the shell-matrix boundary
with any core displacement. In the case of r; = 43 A, the
electron does not immediately experience the influence
of the shell-matrix boundary, so the increase is slow and
almost unnoticeable with core displacement. However,
when the displacement becomes significant (see Fig. 5.3¢)
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and the core approaches the shell-matrix boundary, this
influence becomes noticeable, and the electron’s wave
function is pushed out of the core to the opposite side of
the displacement. For the hole, a similar situation is not

observed because the hole is much more strongly confi-
ned by the potential well. As a result, the overlap of the
wave functions decreases, leading to a reduction in the
exchange interaction (Fig. 3, 7 = 43 A and 7, = 71 A).

D=0A D

Puc. 4. The probability density distribution of the electron (le, 2e, 3,e) and hole (1h, 2h, 3h) in the core-shell QD. Shell radius
isrl =23 A

ze 40

-40 -20 0 20 40 -40  -20 0 20 40 -40  -20 0 20 40
»A »A ¥ A
o o o
D=0A D=15A D=28A

Puc. 5. The probability density distribution of the electron (1e, 2e, 3,e) and hole (1h, 2h, 3h) in the core-shell QD. Shell radius
isry =43 A
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V. CONCLUSION

Thus, in this work, a spherical non-concentric CSQD
has been studied using the plane-wave method. The
ground-state energies of the electron and hole are
determined. The dependence of these energies on the
shell thickness and the position of the core in the
quantum dot is analyzed. It is shown that the di-
splacement of the core from the common center causes an
increase in the energy of both the electron and the hole.
For QDs with a larger shell radius, this increase occurs
more slowly than for QDs with a smaller shell radius.
Based on the obtained wave functions of the electron
and hole, the exchange interaction energy, which defines

the splitting of dark and bright states, is calculated. It
is shown that the exchange interaction energy decreases
with increasing shell radius, while the core displacement
from the quantum dot center causes an increase in
the exchange interaction energy. Moreover, for small
shell radii, the exchange interaction energy increases
monotonically, while for larger radii, it increases non-
monotonically. The reason for this dependence lies in
the mutual spatial arrangement of the electron and hole
wave functions in the QD. The obtained results quali-
tatively agree with experimental studies. To improve the
convergence of the results, the model can be extended to
account for the complex structure of the valence band,
which will be implemented in our subsequent work.

APPENDIX

(0)*

/ =

TVL, ’!'L/

ng, ny nz

L/2 (L/2 pL/2
/L/2/L/2/L/2 Ty

(@9, 2) V2w h(©)

ﬂ%(r) Mg Ny, Nz

(z,y,2)dV.

We take into account the Hermiticity of the momentum operator (in the chosen coordinate system it has the form

—iV). After transformations and using (5), we get

(ky + n;Ky)(ky +nyKy) +

(k. +nl K.,) (k. + nsz)]

—n’)). According to (6) and k, =k, = k. = 0, we get

1
Toponynts = 73 [(ky + L Ky) (ke + 1 Ky) +
gy ma
L/2 L2 L2
X / / / exp {z)\ r} dv,
L/2J-r/2J-L/2 m(r
where XA = T (i(ne — ny) +Jj(ny —ny) +k(n.

1 /9 L/2 ,L/2 pLJ2 mo
Lo nt o0t = 73 () [nl,ng +nyny +nin. / / /
gy L2\ L rj2)-ry2)-p m(r

The next step is to calculate the integral.
L2 eL/2 pL/2
/L/2/L/2/L/2m

Let us add and subtract the integral over the ball rq:

mMo ;. mo ;.
I = / —e”\”dV+/ — e dy —
in matrix 112 in ball r; 72

mo ;. m
+ / — TV + / —
in shell 71 in core T

Combine the first and second terms:

exp {i)\ . r} dv.

Y. mo . mo . mo .
eAT AV = —emdv+/ —emdv+/ — ATy
in matrix 772 in shell 71 in core 110

Mo ;.
[ mg
in ball r; 712

0ixr gy,

Mo ;. Mo ;. Mo ;. mo i
I:/ — TV — —emdv+/ — TV + — TV
in box L T2 in ball r; 72 in shell M1 in core 110

Due to the fact that the system of plane waves in a cube of length L is orthonormal, we have:

I::AL35n;,nw6ﬂé7ny6n;nz-_t/P

in ball r; 712
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Let us add and subtract the other integral:

3
I= L% 0,00 ,0nm. — /

in ball r; 712

Mo gixr gy + / Mo gixr gy + / Mo jixr gy

n shell 11 mo

mo ;. mo ;.
+/ 762)‘rdv—/ 7€Z>‘rd‘/,
in core 11 in core 111

The third and fifth terms can be joined:

3
I= L% 0,00 0,0nm. — /

in ball r; 712

mo ;.
_ / 760\ T V.
in core M1

Mo gixr gy + / Mo jixr gy + / Mo jixr gy

n ball 7y 71 mo

Now the second-third and the fourth-fifth terms can be combined too:

: mo Mo i mo Mo i
m2 my in ball mo my in core

The calculation of the second integral poses no issues; therefore, we will not provide it. The most interesting part is
the last integral, as the core is shifted by the distance D. This integral can be calculated in that way: let r =’ — D,

and dr = dx’, dy = dy’, dz = dz’, dV = dV’. That is why

. N .
/ ez)\-r dV = / 62)\~r +iX-D dV/ _ ezA-D /
in core in core in core

e dv.

Such transformations are absolutely valid when L — oco. For practical use with controlled accuracy, it is necessary
to choose a sufficiently large L. Calculations have shown that with the proposed values of L in the main text of the

article, the results are convergent.
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EJIEKTPOH-AIPKOBA OBMIHHA B3A€EMO/ISI B HEKOHIIEHTPUYHUNX COPEPUYHUX
KBAHTOBUX TOYKAX THUITY AJPO-OBOJIOHKA

P. 4. Jlemxo', O. B. Jlemxo!, I. B. Bimuncexuii''?, P. 1. TTaziok!
! Kagedpa disuru ma ingopmayitnuz cucmem, Jpozobuypkut deporcasnutl nedazozivnull ynisepcumem imeni leana Pparka,
eya. Cmpuiicvra, 3, Jdpozobun, 82100, Yrpaina,
2Kagedpa pisuru, Kpusopizvkuii deporcasnuti nedazozivnud yrieepcumem,
npocn. Ywieepcumemcvkuli, 54, Kpusut Pie, 50086, Yxpaina

Y poboTi TEOPETHIHO JOCIIi/IZKEHO BILIUB IaPAMETPA HEMEHTPUIHOCTI HA BEJIMYUHY PO3IIEIIeHHS TeM-
HOIO Ta CBIWIOro cranis ekcuroHiB y cdepuunux kanrosux roukax CdSe/CdS ruuy siapo-obosonka 3i
BMIMEHUM SIPOM Bifl CIBHOTO TeHTPa. PO3TIsSHYTO KBAHTOBI TOYKM 3 Pi3HOI TOBIIMHOK OOOJIOHOK: SK
TOHKHMHU, TaK i mupokumu. OcobnmMBy yBary OpuIijIeHO BILINBY HEKOHIEHTPUYIHOCTI, TOOTO 3MIiIEHHIO
APa Bi CHOITHHOrO IEHTPa KBAHTOBOI TOYKM, HA €HEPIii0 eTeKTPOH-IiPpKOBOI OOMIHHOI B3aEMOIil, TOOTO
Ha PO3IIEIJIEHHS TEMHOI'O T CBiTJIOr0 ekcuToHHuX crauiB. g omucy cucremu BUKOpucTaHo merosn ede-
KTUBHOI MACH, IO BPAXOBYE BiMIHHOCTI B Macax €JEKTPOHIB i MipOK y Mmarepiajax sapa Ta OOOJOHKH,
a TaKOK MOJETb MPIAMOKYTHHX IMOTEHIIAIbHUX M 1 6ap’epis. g momenb € oaHieo 3 HARIPOCTIINX, aJe
BOZHOYAC €(PeKTUBHOIO /I OMUCY MOBEIIHKH HOCIIB 3apsay B HAHOCTPYKTYPax THILY dapo-oboaoHKa. Bis-
nmoBinHi piBasHEg [[Ipeaunrepa s eeKTpoOHA i IipKU B MeXKaxX I€l MO PO3B’sI3aHO 33 JOMOMOTO0
MEeTOJIy PO3KJIAAY 3a MJIOCKUMHU XBUJIAMH. Lle ae 3MOry TOYHO BpaxyBaTH BILIMB PI3HUX T€OMETPUTHUX
rmapaMeTpiB KBAaHTOBOI TOYKH HA €HEPreTHYHHI CIEKTP i Ha MPOCTOPOBHH PO3MOILT XBUIHOBUX (DYH-
KIiil HOCIIB 3apsamy. ¥ HiZCyMKy PO3PaxyHKIB IOKA3aHO, IO 3i 30iyiblneHHsM pajiyca 0DOJIOHKU €HepTis
€JIEKTPOH-TIPKOBOI OOMIHHOI B3a€MO/Iil 3MEHIITYEThCS, 110 3MEHIITYE PO3IIEIJIEHHS TEMHOTO 1 CBITJIOr0 CTa-
HiB ekcuToHiB. lle MOkHA TMOsicHUTH 30LIbITEHHSIM BiICTaHI MiXK XBUJIBOBUMHU (DYHKIISIMU €JIEKTPOHA, i
JIpKH y BeIUKHX ODOJOHKAX, IO 3HUIKYE IXHE MEPEKPHUTTS i, BiAMOBIIHO, eHeprito oOMIHHOI B3a€MOIii.
Oxkpim Toro, 3a ¢ikcoBaHux po3MipiB sjpa Ta ODOJOHKHU BUSBJIEHO, IO 3MIMIEHHS sipa BiJl CHiIbHO-
IO IEHTPa KBAHTOBOI TOYKWM MA€ Pi3HUI BILUIMB 3aJI€KHO Bif pasiyca obosiorku. st Majmx pafiycis
O0DOJIOHKH CITOCTEPIra€EMO MOHOTOHHE 301JIBIEHHsT eHeprii 0OMIHHOT B3aeMO/Iil 3i 301IbITEHHAM HEIEHTPH-
9HOCTi, TOMI AK [ OLTBIMUX PAJIiyCiB I 3aJ€XKHICTh CTa€ HEMOHOTOHHOMO. 1le TOsICHIOEMO CKJTaTHITHIM
[IEPEKPUTTAM XBUIbOBUX (DYyHKIIH y cucremax 3 BesiuKuMu 00OJIOHKAMU, JI€ XBUJIbOBI (DYHKIIT esleKTponHa
# JipKH MOXKYTh MaTH CKJIAIHUN PO3mOaia y mpocropi. OTpuMmani pe3yiabTaru m100pe y3roIKyHThCs 3
€KCTIEPUMEHTATbHUMHI JAHUMU.

Kirro4oBi cjioBa: CIEKTPH COHSYHUX CIaJaXiB, 0OpoOKa aCTPOHOMIYHHMX 300parKeHb, OOYMCJIEHHS
Ha rpadivHuxX IpPOIEecopax, aHaJi3 aCTPOHOMIYHHX JAHHUX, CIEKTPOCKOMISKBAHTOBA TOYKA THUILY SIIPO-
000JIOHKA, TTApaMeTp HEIeHTTPUIHOCTI, PO3IIEIJICHHSI TEMHUX Ta, CBITJIMX CTaHIiB €KCHTOHA.
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