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9"����7 $.# $#J32#�3 :� "0 ;3�%:�< 5�2��#�#
.#!�3 .#5� 72� #!4 3 .72� .#J��, ��$."% �2, V@W, VQW�
r% �"7�" #!4, .�!� :� "0 ;3�%:�< 1%!$#�1�:�� 4D
�#�# �"$3 ��!�# $#�B75��"< 5 0�.�%�1.#/ #!#J "D
�"0 �#C#% �!#:�<#���"0 ;3�%:�<� r%G# �!#:�<#D
���� ;3�%:�7 γ(t) /�E !%��C1��1 C"! # #!#J "�"0
�#C#% �� /16� #$3% #�# /�#�#%3��"%� W, �# 2 7
5�!�#!3����7 ��2$#��2�#= =< :� #= ;3�%:�= L(λ) ��
== �3 �� 3 �1#.�= .72�� 1%!$#�1�� ��<1;1%�"���K1
� 7%#!�� ;3�%:�= L(λ) �"%#."!�#�3���" 1%!$#�1�D
:�� 4�"< $# ��#/ P (z) =

∑p
k=1 cke

akz, 3 � p < ∞,
ck = const, ak D �1.K"�" /�#�#%3��"%� D�

w!#:�<#���� 5 P (z) ;3�%:�7 γ(t) /�E !�#=/"
#!#J "�"/" �#C%�/" $.#!�� $# F!" � �#C%�0 ak,
k = 1, ..., p, � �1 /�E 6#2�"0 ��K"0 #!#J "�"0 �#D
C#%� U�%#6 2 7 ;3�%:�= P (z) �!���#� 1�# #:��D
%"h V@, !�L8W,

Aeh(ϕ)r < |P (z)| < Beh(ϕ)r )@-

z = reiϕ, A,B = const, h(ϕ)D ��2"%��#. .#!�3
;3�%:�= P (z), z /∈ Kn )KnD %.36%" ;�%!#���#�#
.�2�3!3 ρ0 5 :1��.�/" � �3 70 λkn ;3�%:�= P (z)�

k 7 :� "0 ;3�%:�< 1%!$#�1�:�� 4�#�# �"$3, ��D
2"%��#.�"/" 2���.�/�/" 7%"0 E #$3% � #J �!�� ��D
K#�# �"$3, ��6 /�#�#%3��"% W, #:��#% �"� 723 )@-
�1 �!���#� 1�#�

i 2���< .#J#�� .#5� 72�F�4!7 :� � ;3�%:�= 1%!D
$#�1�:�� 4�#�# �"$3, ��2"%��#.�"/" 2���.�/�/"
7%"0 E %.3� |z| � 1, �J# ��K� #$3% � #J/161��
#J �!�4, � 2 7 7%"0 /�F�4 /�!:1 #:��%" �"� 723
)@-� U�%#6 �!���#� FF�4!7 3/#�" 5J�6�#!�� � 5�D
/%�1��< #J �!�� .723 1%!$#�1��, $#%�5�"%�/" 7%#D
�# E �3 � $#J32#���#= :� #= ;3�%:�=�

@�O#5� 7�1/# 1%!$#�1�:�� 4�"< $# ��#/

Pm(z) =

m∑
k=1

1

2k
eze

2kπi
m , 3 � m <∞ )�-

w!#:�<#���� �5 Pm(z) ;3�%:�7 γm(t) /�E �"� 72

γm(t) =

m∑
k=1

1

2k
1

t− e
2kπi
m

,

� ��2"%��#.�#F 2���.�/#F ;3�%:�= Pm(z) E
$.��" 4�"< 5D%3��"%, �$"!��"< � %.3� |z| � 1 5

�1.K"��/" � �#C%�0 ak = e
2kπi
m )VX@,� � � ,5-�

S��2�# 5 �1.����!�F )@- 2 7 ;3�%:�= Pm(z) /�E
/�!:1 #:��%�h

Ame
hm(ϕ)r < |Pm(z)| < Bme

hm(ϕ)r

Am, Bm = const, hm(ϕ) D ��2"%��#. .#!�3 ;3�D
%:�= Pm(z), z /∈ Kn, 3 � m <∞, n = 2, 3, ...�

f!%� 4%"
∣∣∣eze 2kπi

m

∣∣∣ =
∣∣∣ereiϕe 2kπi

m

∣∣∣ =

er cos(ϕ+
2kπi
m ) � er, �, %.�/ �#�#, $#! �2#���!�4 ;3�D

%:�< Pm(z) $." m → ∞ 5J���E�4!7 .���#/�.�# 2#
217%#= ;3�%:�= P (z) � 2#�� 4��< 5�/%�1��< #J/1D
61��< #J �!�� K, J# $." �!�0 m � 3

|Pm(z)| � ∑m
k=1

1
2k

∣∣∣eze 2kπi
m

∣∣∣ < Cer, �# $." z /∈
Kn �"%#�3E�4!7 �1.����!�4

C1e
r < |Pm(z)| < C2e

r, C1, C2 = const )Q-

9#.72 �5 )@- .#5� 7�1/# 1%!$#�1�:�� 4�"< $# ��#/

P2m(z) =

2m∑
k=1

1

2k
eze

2kπi
2m .

9#5��C"/# C1.15 hm(ϕ) � h2m(ϕ) D ��2"%��#D
." .#!�3 ;3�%:�< Pm(z) � P2m(z) ��2$#��2�#, �
C1.15 Km(ϕ) � K2m(ϕ) D =0 #$#.�� ;3�%:�=� M.�D
0#�3FC", G# ��2"%��#.�"/" 2���.�/�/" ;3�%:�<
Pm(z) � P2m(z) E ��2$#��2�� $.��" 4�� �$"!��� �
%.3� |z| � 1 5D%3��"% � Q5D%3��"%, � $." �#/3
hm(ϕ) = Km(−ϕ), h2m(ϕ) = K2m(−ϕ), ϕ ∈ [0; 2π],
/��"/1/#, G# Km(ϕ) � K2m(ϕ), �#J�# hm(ϕ) �
h2m(ϕ), ϕ ∈ [0; 2π]� T5 3/#�" )@- �� $#$1.12�4#= �1D
.���#!�� �"$ "��E, G# $." z /∈ Kn )KnD %.36%" 5
:1��.�/" � �3 70 ;3�%:�= P2m(z) ;�%!#���#�# .�D
2�3!3 ρ0-

|Pm(z)| < Behm(ϕ)r � B1e
h2m(ϕ)r < B2 |P2m(z)| , )8-

B1, B2 = const.

k 7 �3 �� ;3�%:�= )@- /�E /�!:1 �!"/$�#�"%� ) V@,
!�HNW-h

λkn =
2πni

e
2(k+1)πi

m − e
2kπi
m

+ ε(k)n ,
∣∣∣ε(k)n ∣∣∣ < e−gn, )H-

g > 0 D C8A��, k = 0, 1, ...,m−1, m � 3, n = 1, 2, 3, ...
O#5� 7�1/# �1$1. ;3�%:�F

Q(z) =

∞∏
n=2

n−1∏
k=0

⎛
⎝1− z

2πni

e
2(k+1)πi

n −e 2kπi
n

⎞
⎠ )N-
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t3 � ;3�%:�= )N- zn = 2πni

e
2(k+1)πi

m −e 2kπi
m

, k =

0, 1, ..., n − 1, n = 2, 3, ... .#5��K#���� �� %# �0
Γn .�2�3!��

∣∣zkn∣∣ ��%, G# �� %#6�#/3 %# � Γn  1D
6"�4 A �3 �� ;3�%:�= )N-, �#/3 � %.35� Un .�2�3!3

Rn )Rn = max
(∣∣∣z(k)n

∣∣∣ , ∣∣∣λ(k)n ∣∣∣)- /�!�"�4!7 ν(Q) =

n2+n−1
2 �3 �� ;3�%:�= )N-�
M�54/1/# 2�� 1%!$#�1�:�� 4�� $# ��#/" Pn(z)

�� Pm1(z) )m1 ∈ N , m1 � n
2 -� M %.35� Un %� 4%�!�4

�3 �� ;3�%:�< Pn(z) �� Pm1(z) ��2$#��2�# 2#.���FE

ν(Pn) = n2, ν(Pm1) � n2

2 , �, #�61 /�E/#, G#

ν(Pm1) < ν(Q) < ν(Pn), n = 2, 3, ... )>-

S�3��6"/#, G# �� %#6�#/3 %# � Γi, )i = 2, ..., n-
� #%# �0 �#C#% zki  16��4 �3 � λki ;3�%:�< Pi(z),
� 7%G# � )H- $#% �21/# 5*A, �#

∣∣λki − zki
∣∣ < e−iq,

q > 0− const� M"%#."!�#�3FC" /�.%3����7, $.#�1D
21�� � ) V@, !�HvW-, /��"/1/#, G# $." n � 1

M1 <

∏n−1
k=0

∣∣∣1− z
zkn

∣∣∣∏n
k=1

∣∣∣1− z
λk
n

∣∣∣ < M2, )L-

M1,M2 = const, z /∈ Kn

T5 )Q-,)8-,)>-,)L- �"$ "��E, G# $." z /∈ Kn �"%#�3D
E�4!7 �1.����!�4

C1e
r < |Q(z)| < C2e

r, C1, C2 = const )v-

R.�/ �#�#, /�.%3FC" ��% !�/#, 7% $." 2#�121���
�1#.1/" @���@Q ) V@, !�N8W-, #21.6"/#, G#∣∣Q′(zkn)

∣∣ > Lernh(ϕ
k
n), )@A-

zkn = rkne
h(ϕk

n), L = const

n$.��2�, 7%G# ��54/1/# C"! # ρ1 ��%"/ /� "/,
G#J %.36%" Kn 5 :1��.�/" � �#C%�0 zkn .�2�3!3
ρ1 �1 $1.1�"�� "!4, �#2� /��"/1/#

1

|Q′(zkn)|
� max

|z−zkn|=ρ1

∣∣∣∣z − zkn
Q(z)

∣∣∣∣ = ρ1
|Q(z0)| ,

∣∣z0 − zkn
∣∣ = ρ1

M.�0#�3FC" )v-, #21.6"/#

ρ1
|Q(z0)| �

ρ1
C3
er0h(ϕ0) =

ρ1
C3
eh(ϕ

k
n)r

k
n−h(ϕ0)r0 ·e−h(ϕk

n)r
k
n

f!%� 4%" ) V@, !�NHW-,
∣∣h(ϕkn)rkn − h(ϕ0)r0

∣∣ �∣∣zkn − z0
∣∣max
|z|�1

|z| = ρ1

�# 1
|Q′(zkn)| < C4e

−h(ϕk
n)r

k
n , n � 2, zkn = rkne

iϕk
n ,

C4 = const�
t�.1K�� 5�5��C"/#, G# �!� �3 � ;3�%:�= )N- E

$.#!��, � �5 )v- �"$ "��E, G# ;3�%:�7 )N- E :� #F
;3�%:�EF 1%!$#�1�:�� 4�#�# �"$3 :� %#/ .1�3 7.D
�#�# .#!�3� T�2"%��#.�#F 2���.�/#F ;3�%:�= )N- E
%.3� |z| � 1, � �!#:�<#���� 5 �1F ;3�%:�7 γ(t) /�E
!�#=/" #!#J "�"/" �#C%�/" $.#!�� $# F!"�

U�%"/ C"�#/ �5 $.#�121�"0 /�.%3���4 �"$ "D
��Eh

������� �� Y%#���0 JZL [ ����\ ]%#���[\ "��D
+�#"#�����#�&� 
�+%� ^�0 0��_ ����#%\
��0 %��D
�� J`L � JKaL�

M"%#."!�#�3FC" /�.%3����7, $.#�121�� $."
2#�121��� �1#.1/" Q, /#6�� $#J323���" :� 3 ;3�D
%:�F 1%!$#�1�:�� 4�#�# �"$3 ��2"%��#.�#F 2��D
�.�/#F 7%#= E 2#�� 4�� #$3% � #J/161�� #J �!�4,
� 2 7 7%#= /�F�4 /�!:1 #:��%" )v- � )@A-�

n$.��2�, 7%G# $#�.�J�# $#J323���" :� 3 ;3�D
%:�F, 2 7 7%#= ��2"%��#.�#F 2���.�/#F E, ��$."D
% �2, 1 �$!h x = a cosϕ, y = b sinϕ, ϕ ∈ [0; 2π]
�# �57�K" �� :4#/3 1 �$!� �#C%" ckn = a cos 2kπ

n +

b sin 2kπ
n , n ∈ N , k = 1, ..., n $#J323E/# ;3�%:�F

Q1(z) =

∞∏
n=1

n∏
k=1

(
1− z

ckn+1 − ckn

)
)@@-

5 �3 7/" � �#C%�0 μkn = 2πni
ckn+1−ckn

� ��.%3FC" ��%

!�/#, 7% $." 2#�121��� �1#.1/" Q, #21.6"/#

M3e
h(ϕ)r < |Q1(z)| < M4e

h(ϕ)r )@�-

z /∈ K̃n D %.36%" 5 :1��.�/" � �#C%�0 μkn ;�%!#��D
�#�# .�2�3!3 ρ > 0, � ∣∣Q′

1(μ
k
n)
∣∣ > C̄eh(ϕ

k
n)r

k
n , )@Q-

C̄ = const, μkn = rkne
iϕk

n , n ∈ N, k = 1, ..., n

M 5��� 4�#/3 �"$�2%3 2#�� 4�#= #$3% #= #J/161D
�#= #J �!�� W, /163 7%#= 5�2��# .���7��7/" x =
ϕ(t), y = ψ(t), t ∈ [a; b] ��54/1/# �� :�< /16� �#C%"
ckn = ϕ

(
2kπ
n

)
+ iψ

(
2kπ
n

)
� J323E/# ;3�%:�F Q1(z)

���2#��C�# 2# )@@-� S 2#$#/#�#F /�.%3���4, ���D
 #��C�"0 2# �"0, 7%� $.#�#2" #!4 $." 2#�121���
�1#.1/" Q ) VQ, !� H>W-, $1.1%#��E/#!4, G# /�E /�D
!:1

������� �� 3�0 
�&�� 1�b ���������#� ]%#D
���0 γ(t) ���� #� �"c� �+%���_ �b���
� D̄ ���_��
���b������ 
�!���� +��\�� +��0^�% p � 1� #"�bD
d�^#� � ^��
�
#��� 1�b ��^+���^#� _� ���� ]%#���0
���� ��&�0^ f(z) = P (z)·Q1(z)� ^" �#�&�!�"# P (z)
D �
"+"#0 ADK� Q1(z) D ]%#���0 ��&�0^% JKKL�

��O#5� 7�1/# .72 1%!$#�1��

F (z) =

∞∑
k=1

ake
μkz, z ∈ D )@8-

� 7%#/3 μk )k � 1- �3 � :� #= ;3�%:�= )@@-, %#1;�D
:�E��" ak #JC"! FF�4!7 5� ;#./3 �/"

ak =
1

2πi

∫
C

F (t)ψk(t)dt, k = 1, 2, ... )@H-

ψk(t) )k = 1, 2, ...- D J�#.�#�#�� 4�� !"!�1/� ;3�D
%:�< 2# !"!�1/" {eμkz}∞k=1, � q 2#�� 4�"< %#��3.,
7%"< #0#$ FE #J �!�4 D̄ q ��2"%��#.�3 2���.�/3
;3�%:�= )@@-�

r%G# ;3�%:�7 F (z) ��� ��"C�� � W � �1$1.1.�D
�� � D̄, �# %#1;�:�E��" ak .723 )@8- J321/# #JC"D
! F���" 5� ;#./3 �/"

ak = lim
r→1−0

1

2πi

∫
Cr

F (rt)ψk(t)dt, k � 1 )@N-
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21 Cr q ��%"< %#��3., G#J ;3�%:�7 F (rt) J3 � ���D
 ��"C�#F �!1.12"�� Cr � �� Cr� 9." k � 1 �.��":� �
$.��"0 C�!�"��0 )@N- �!�3F�4, #!%� 4%" ���! �2#%
)@Q- /�E/#, G# ) V@, !� �Q�W-

|ψn(t)| < M0

|Q′(μkn)|
, t ∈ ∂D̄, n � 1,M0 = const )@>-

S��2�# �1#.1/" 8�N�8 ) V@, !� �vNW- .72 )@8-, � 7%#/3
F (z) q 2#�� 4�� ��� ��"C�� � W � �1$1.1.��� �� D̄
;3�%:�7, � %#1;�:�E��" ak #JC"! FF�4!7 5� )@N-
5J���E�4!7 2# �J!# F��# � W�

M!���#�"/# 3/#�", $." �"%#����� 7%"0 .72
)@8- 5J���E�4!7 �J!# F��# �� .���#/�.�# � D̄�

������� �� .�1� ]%#���0 �#���
�!#� � �b��D
�
� W� #"+"�"��#� � D̄ ��2�� 2 ���_�� +�d�^#���
F ′(z) 
� F ′′(z)� � ����#%[
��0 %����

lim
r→1−0

∫
Cr

F (rt)γ(t)dt = 0 )@L-


� �0^ JKeL� � 0���% f μk Jk � 1L #%�� ����_ ]%#D
���_ JKKL� ��"]���[#
� ak Jk � 1L �b!���\\
��0
2� ]���%���� JKZL 2b�&�[
��0 ^� �b���\
#� 
�
���#����#� � D̄�

k#�121��7� M.�0#�3FC" 3/#�3 )@>-, /�E/#

lim
r→1−0

∣∣∣∣
∫
Cr

F ′′(rt)ψn(t)dt
∣∣∣∣ < V

|Q′(zkn)|
, )@v-

V = max
z∈D̄

|F ′′(z)| .

9." �"%#����� 3/#�" )@L- 2 7 %#1;�:�E���� .7D
23 )@8- #�."/3E/# ) V@, !� Q�AW-

akn = lim
r→1−0

1

2πi

∫
Cr

F (rt)ψkn(t)dt =

= lim
r→1−0

−1

(μkn)
2Q′(μkn)

· 1

2πi

∫
Cr

F ′(rt)γ(t)dt

+ lim
r→1−0

1

(μkn)
2
· 1

2πi

∫
Cr

F ′′(rt)ψn(t)dt

M��! �2#% 3/#�" )@�- �!#:�<#���� 2# Q1(z)
;3�%:�7 γ(t) /�E !�#=/" #!#J "�"/" �#C%�/" $.#D
!�� $# F!", �#/3∣∣∣∣

∫
Cr

F ′(rt)γ(t)dt
∣∣∣∣ = O(1) )�A-

T5 )@v- � )�A- #�."/3E/#

∣∣akn∣∣ < C̄1

|(μkn)2| |Q(μkn)|
, C̄1 = const, n � 1, k = 1, ..., n

f!%� 4%"
∣∣∣eμk

nz
∣∣∣ = e|μk

n|h(ϕk
n), �# �.�0#�3FC"

)@�- /�E/#

∣∣∣akneμk
nz
∣∣∣ � M

|μkn|2
, z ∈ D̄, n � 1, k = 1, ..., n,M = const

U1#.1/� 2#�121���
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