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KLMNMOPQRSPT UVLWXYZPT [VUXNMN�\ZPT ]Z�YVL^P_V_ �`VZ� �YXZX aLXZSX�
SXvVULX `X_V`X_P\ZMNM XZXd�i]� Y]d� w_LPT^RSX �� `� KLMNMOP\� � !""

r SdX^� NMdM`MLvZPo ] [LXY�T [�Y[dM�PZ� C+ = {z : Rez > 0} v]ZSQ�T f �≡ 0 Udj jSPo (∃^ > 0) (∀z ∈ C+) :

|f (z)| � c exp (η (c |z|))� UV η : [0; +∞) → (0; +∞) 5 UMUX_ZX iLM^_Xn\X ZV[VLVLYZM UPvVLVZQ�TMYZX ZX [0; +∞)

v]ZSQ�j Udj jSMc lim
t→+∞

η(t) = +∞ � (∃c0 > 0) (∀t � 0) : η (t) log η (t) /tη′ (t) � c0� iZXTUVZM ZMYPT SLP_VL�T

LMiY/jiZM^_� SLX_ZMc �Z_VL[MdjQ�TZMc iXUX\� f (j−1) (λn) = bn,j � n ∈ N� j ∈ {1; . . . ; sn} Y _VL`�ZXo XZXdMN�\ZPo
]`MY� eXLdV^MZX�

t10�< η : [0; +∞) → (0;+∞) g 5.#!��FC� �1D
$1.1.��# 2";1.1�:�<#��� �� [0; +∞) ;3�%:�7 2 7
7%#= lim

t→+∞ η(t) = +∞ �

(∃c0) (∀t � 0) :
η (t) log η (t)

tη′ (t)
� c0, (1)

� Bη g % �! �# #/#.;�"0 3 $.���< $��$ #G"��
C+ = {z : Rez > 0} ;3�%:�< f �≡ 0, 2 7 7%"0

(∃!) (∀z ∈ C+) : |f (z)| � c exp (η (c |z|)) . (2)

T5 3/#�" )@- �"$ "��E V@, !� @Q8W, G#

(∃c1)(∃t0)(∀t � t0) : η(t) � exp (tc1) , (3)

(∀c2)(∀c3 > 1)(∃t0)(∀t � t0) : c2η(t) � η(c3t). (4)

t10�< (λn) g $#! �2#���!�4 .�5�"0 %#/$ 1D
%!�"0 C"!1 , (sn) g $#! �2#���!�4 ���3.� 4�"0 C"D
!1 � i V�W � % �!� Bη #�."/��#, � �1./���0 � �!�"D
�#!�1< ;3�%:�< �5 % �!3 Bη, %."�1.�< .#5�B75�#!��
%.���#= ���1.$# 7:�<�#= 5�2�C�

f (j−1) (λn) = bn,j , n ∈ N, j ∈ {1; . . . ; sn} , (5)

21 (bn,j) g $#! �2#���!�4 %#/$ 1%!�"0 C"!1 7%�
5�2#�# 4�7E 3/#�3

(∃c4) : lim
n→∞

1

η (c4 |λn|) log max
1�j�sn

ρj−1
λn

|bn,j|
(j − 1)!

< +∞,

(6)
� ρλn = min {1; Reλn}� U3� /" #�."/� " %."�1.�<
.#5�B75�#!�� %.���#= ���1.$# 7:�<�#= 5�2�C� )H- �
% �!� Bη, � �1./���0, ��� #��C�"0 3/#�� R�. 1!#D
�� VQW�

������� �� 3�0 
�&� 1�b ^�0 ��c#�_ +�D
���^��#��
� ���+�"��#�d !��"� (bn,j)� n ∈ N�
j ∈ {1; ...; sn}� 0�� 2�^�����#0[ %���% JZL� ��#%��D
�� ]%#���0 f ∈ Bη� 0�� ��2��02%[ ���
#% �#
"�D
+��0���#% 2�^�!% JnL� #"�bd�^#� � ^��
�
#��� 1�b
����#%������ %����∑

|λn|�1

snReλn < +∞, (7)

(∃c5) : lim
r→+∞

rS (r)

η (c5r)
< +∞, (8)

(∃c6) : lim
n→+∞

sn
η (c6 |λn|) log

2Reλn
ρλn

< +∞. (9)

(∃c7) (∀n) :
∏
i�=n

|λi|�2|λn|

∣∣∣∣λn − λi

λn + λi

∣∣∣∣
si

� exp (−η (c7 |λn|)) ,

(10)
^"

S(r) =
∑

1<|λn|�r

(
1

|λn| −
|λn|
r2

)
snReλn
|λn| .

S�3��6"/#, G# 3/#�� )L- .���#!" 4�� %#6��<
�5 ��!�3$�"0 3/#�

(∃c8) (∃r0) (∀r � r0) : S0(r) �
η (c8r)

r
, (11)

(∃c9) (∃r0) (∀r � r0) : s(r) � η(c9r), (12)

21

S0 (r) =
∑

1<|λn|�r

snReλn

|λn|2
, s (r) =

∑
1<|λn|�r

snReλn
|λn| .

�� �!�""# $�����% �� t10�< 2 7 %#6�#=
$#! �2#��#!�� %#/$ 1%!�"0 C"!1 (bn,j), n ∈ N,
j ∈ {1; ...; sn}, 7%� 5�2#�# 4�7E 3/#�3 )N-, �!�3E
;3�%:�7 f ∈ Bη, 7%� .#5�B753E %.���3 ���1.$# 7D
:�<�3 5�2�C3 )H-� U#2� V�, !� HHW �"%#�3F�4!7 3/#�"
)>-, )L- � 2 7 217%#= !�� #= c10

lim
n→+∞

1

η (c10 |λn|) log
sn!

ρsnλn

∣∣F (sn) (λn)
∣∣ < +∞, (13)

21

F (z) =
∏

|λn|�1

(
z − λn

z + λ̄n

)sn
·
∏

|λn|>1

Wn (z), (14)

Wn(z) =

(
1− z/λn

1 + z/λn

)sn
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× exp

⎧⎨
⎩sn

pn∑
j=1

zj

j

(
1

λjn
+

(−1)j+1

λ
j

n

)⎫⎬
⎭ ,

pn =
[

1
c0

log η (c9 |λn|)
]
, [•] g :� � C�!�"�� C"D

! � •, � !�� � c0 � !9 �"5��C�F�4!7 3/#��/" )@- ��
)@�- ��2$#��2�#� t10�<

fn (z) = F (z) · Φ−1
n (z) ,

21

Φn(z) =
∏
i�=n

|λi|�2|z|

(
z − λi

z + λi

)si
.

U#2�

(2Reλn)
sn

sn!

∣∣∣F (sn) (λn)
∣∣∣ = |Φn (λn)| · |fn (λn)| , (15)

5��2%"

|Φn (λn)| =
ρsnλn

sn!

∣∣∣F (sn) (λn)
∣∣∣ (2Reλn

ρλn

)sn
·|fn (λn)|−1

.

r%G# �"%#�3F�4!7 3/#�" )>-, )L- � )@Q-, �# V�, !�
HNW �"%#�3E�4!7 3/#�� )v-, � 5 #!����4#= .���#!��
#�."/3E/#, G# 3/#�� )@A- �"%#�3E�4!7, 7%G#

(∃c11) (∀n) : log |fn (λn)| � η (c11 |λn|) .

T5 )@H- #�."/3E/#, G#

(ρλn)
sn

sn!

∣∣∣F (sn) (λn)
∣∣∣ = ( ρλn

2Reλn

)sn
|Φn (λn) fn (λn)| .

r%G# �"%#�3F�4!7 3/#�" )v- � )@A-, �# 5 #!���D
�4#= .���#!�� #�."/3E/#, G# 3/#�� )@Q- �"%#�3ED
�4!7, 7%G#

(∃c12) (∀n) : log |fn (λn)| � −η (c12 |λn|) .

r%G# �"%#�3F�4!7 3/#�" )>-, )L- � )@Q-, �# V�,
!� HHW 2 7 %#6�#= $#! �2#��#!�� %#/$ 1%!�"0 C"!1 
(bn,j), n ∈ N, j ∈ {1; . . . ; sn}, 7%� 5�2#�# 4�7E 3/#D
�3 )N-, �!�3E ;3�%:�7 f ∈ Bη, 7%� .#5�B753E %.���3
���1.$# 7:�<�3 5�2�C3 )H-�

U�%"/ C"�#/ 2 7 5��1.K1��7 2#�121��7 2#!��D
��4# $#%�5��", G#

(∃c13) (∀n) : |log |fn (λn)|| � η (c13 |λn|) . (16)

fC1�"2�#,

|fn (λn)| = |π1 (λn)| · |π2 (λn)| · |π3 (λn)| ,

21

π1 (λn) =
∏

2|λn|<|λi|�1

(
λn − λi

λn + λi

)si
,

π3 (λn) =
∏

|λi|>2|λn|
Wi (λn) ,

π2 (λn) =
∏

1<|λi|�2|λn|
exp

⎧⎨
⎩si

pi∑
j=1

λjn
j!

(
1

λji
+

(−1)j+1

λ
j

i

)⎫⎬
⎭ .

f!%� 4%"∣∣∣∣∣∣exp
⎧⎨
⎩si

pi∑
j=1

λjn
j

(
1

λji
+

(−1)j+1

λ
j

i

)⎫⎬
⎭
∣∣∣∣∣∣

� exp

⎧⎨
⎩2si

pi∑
j=1

|λn|j Reλi
|λi|j+1

⎫⎬
⎭ ,

�#
|log |π2 (λn)||

�

∣∣∣∣∣∣log
∏

1<|λi|�2|λn|
exp

⎧⎨
⎩2si

pi∑
j=1

|λn|j Reλi
|λi|j+1

⎫⎬
⎭
∣∣∣∣∣∣

= 2
∑

1<|λi|�2|λn|
si

pi∑
j=1

|λn|j Reλi
|λi|j+1

� 2
∑

1<|λi|�2|λn|

(
2 |λn|
|λi|

)pi siReλi
|λi| .

f%.�/ :4#�# V8, !�QHW,

|log |π3 (λn)|| � |log π3 (λn)| �
∑

|λi|>2|λn|
|logWn (λn)|

� 4
∑

|λi|>2|λn|

( |λn|
|λi|

)pi+1
siReλi
|λi| .

S��2!", �.�03���K", G# |π1 (λn)| � 1, #�."/3E/#

|log |fn (λn)|| � 2
∑

1<|λi|�2|λn|

(
2 |λn|
|λi|

)pi siReλi
|λi|

+4
∑

|λi|>2|λn|

( |λn|
|λi|

)pi+1
siReλi
|λi|

� 2
∑

1<|λi|�2|λn|

(
2 |λn|
|λi|

) log η(c9|λi|)
c0 siReλi

|λi|

+4
∑

|λi|>2|λn|

( |λn|
|λi|

) log η(c9|λi|)
c0 siReλi

|λi|

� 4
∑

|λi|>1

(
2 |λn|
|λi|

) log η(c9|λi|)
c0 siReλi

|λi|

� 4
∑

|λi|>1

(
2e2c0 |λn|

|λi|
) log η(c9|λi|)

c0 siReλi
|λi| η2 (c9 |λi|)

� 4

+∞∫
1

(
2e2c0 |λn|

t

) log η(c9t)

c0 ds(t)

η2 (c9t)

� 4max
t�1

⎧⎨
⎩
(
2e2c0 |λn|

t

) log η(c9t)
c0

⎫⎬
⎭

+∞∫
1

ds(t)

η2 (c9t)
. (17)
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S�3��6"/#, G# 2 7 !�� #= c9, �"5��C1�#= 3/#�#F
)@�-,

∞∫
1

ds(t)

η2(c9t)
< +∞. (18)

n$.��2�, �.�03���K" )@�-, /�E/#

+∞∫
1

ds(t)

η2(!9t)
=

s(t)

η2(!9t)

∣∣∣∣
+∞

1

+

+∞∫
1

2c9η
′(c9t)s(t)
η3(c9t)

dt

� c14 + 2c9

+∞∫
1

η′(c9t)
η2(c9t)

dt < +∞.

f!%� 4%" ;3�%:�7
(

2e2c0 |λn|
t

) log η(c9t)

c0
E �1$1.1.�D

�#F �� [1; +∞) � $.7/3E 2# �3 7 $." t → +∞, �#
2 7 %#6�#�# ;�%!#���#�# n ∈ N 5��<21�4!7 �#C%�
tn , � 7%�< 2��� ;3�%:�7 2#!7��E !�#�# /�%!"/3/3�
R.�/ :4#�#, 5�2��� ;3�%:�7 !$�2�E �� $.#/�6%3[
2e2c0 |λn| ; +∞), � �#/3 tn � 2e2c0 |λn|� f�61, 7%G#
tn = 1, �#, �.�03���K" )Q- #�."/3E/#

max
t�1

⎧⎨
⎩
(
2e2c0 |λn|

t

) log η(c9t)
c0

⎫⎬
⎭

=
(
2e2c0 |λn|

)c15 � η (c16 |λn|) .
r%G# 6 1 < tn � 2e2c0 |λn|, �#

max
t�1

⎧⎨
⎩
(
2e2c0 |λn|

t

) log η(c9t)
c0

⎫⎬
⎭

= e
1
c0

log η(c9tn) log(2e2c0 |λn|/tn ). (19)

f!%� 4%"

(
e

1
c0

log η(c9t) log(2e2c0 |λn|/t )
)′∣∣∣∣

t=tn

= 0

� (
e

1
c0

log η(c9t) log(2e2c0 |λn|/t )
)′

=
1

c0
e

1
c0

log η(c9t) log(2e2c0 |λn|/t )

×
(
c9η

′ (c9t)
η (c9t)

log
(
2e2c0 |λn| /t

)− 1

t
log η (c9t)

)

�#, �.�03���K" )�-, #�."/3E/#

log
2e2c0 |λn|

tn
=
η (c9tn) log η (c9tn)

c9tnη′ (c9tn)
� c0.

M��! �2#% :4#�# �5 )@v- #21.63E/#

max
t�1

⎧⎨
⎩
(
2e2c0 |λn|

t

) log η(c9t)
c0

⎫⎬
⎭ � e

1
c0
c0 log η(c9tn)

= η (c9tn) � η
(
c92e

2c0 |λn|
)
= η (c17 |λn|) . (20)
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