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All rings are considered to be associative
with unit 1+ 0 and all modules are left unitary.

Let R be a ring. The category of left R -
modules will be denoted by R-Mod.
We shall write N<M if N is a submodule of
M.

The set of all R -endomorphisms of M will
be denoted by End(M) .

Let soc(M)denote the socle of M and
J(M) denote the Jacobson radical of M.

Let N<M and f e End(M).

Put

(N:f),, ={x e M|f(x) e N},
End(M), ={f € End(M)|f(M) = N}.

Let E be some non-empty set of submodules
of a left R -module M.

Consider the following conditions:
(1) LeELLEN<M=N¢eE;

(2) LeE,feEnd(M)=(L:f), €E;
(3) N,LeE= NNL€eE;

(4) NeE,NeGen(M),L<N<MAa

vgeEnd(M), :(L:Q)y, €sE=LeE;

(5) N,LeE,NeGen(M):NNL<E.
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Definition. A non-empty set E of
submodules of a left R-module M satisfying
(1), (2), (3) 1s called a preradical filter of M.

Definition. A non-empty set E of
submodules of a left R-module M satisfying

(1), (2), (4) is called a radical filter of M.

Definition. A preradical (radical) filter E
of a left R-module M 1is said to be trivial if
either E={L|L <M} or E={M}.

Let M be a semisimple left R -module with
a unique homogeneous component and let
M=®M,, where M, is simple for each iel.

iel

If N= @J N,, where N, is simple for each
ieJ and M= N, then Card(l) = Card(J) .

Put

Card, (M) = Card(l) .

Proposition 1. Let M be a semisimple R -

module with a unique homogeneous

component. If Card (M) is infinite, then every

non-trivial radical [preradical] filter of M 1is of
the form

E, (M)

for some infinite cardinal number

p < Card, (M) .
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Proof.

Let M be a semisimple R -module with a
unique homogeneous component, Card,(M)=o,

and E a non-trivial radical [preradical] filter of
M. Put

q:=Card,(M).

It 1s obvious that for each L € E there exists
H<M such that M=L®H . Hence CardH<q.

We claim that Card,H # g . Indeed, suppose,
contrary to our claim, that Card,H =q . Since

M is a semisimple R -module with a unique

homogeneous component, for some set | we

have that M = @I M, , where M; is simple for
le

each iel and for every i,jel there exists an
isomorphism f; :M; — M;. Hence

Cardl = Card (M) =g . Taking into account that
Card, (M) is infinite,

by (2.1) [p. 417, 2],
q+9=q.

Consider a set X such that CardX=q and
XNI=J. Since q+g=q, there exists a
bijection w: XUl — 1. Put

Y =w(X),Z=w(l).

Therefore,
I=YUZ,YNZ=J,q=Cardl =CardY = CardZ.
Now we obtain M=A®B, where

A:_@( M;, B:_@ZMi. Since H<M, there exists

an isomorphism u:H—> ®M,; for some Tcl
ieT

(see Proposition 9.4 [1]). It is clear that
Card,H =CardT =q . Whence

g = CardY = CardZ = CardT . Let
g:Y >T,c:Z—>T be bijections. Consider the

following maps:
G:A—>H,C:B—>H,

where

G(Zmi) = u_l(zfi,g(i)(mi)) )

ieY ieY

(m; eM;(iel),Card{i € Y|m; =0} < ),
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C(Z m)=u" (Zfi,c(i) (m)),

ieZ ieZ

(m; eM;(iel),Card{i € Z|m; =0} < ).

It is easily seen that these maps are
isomorphisms. Let n,r:M — M are maps such

that n(a+b)=G(a),(aeAbeB) and
r@+b)=C(b),(aecA,beB). It is clear that
nr:-Mm—-mM are endomorphisms. Since
LNH=0 and G,C are
(L:n), =B and (L:r),=A.As LeE , by (2),
we get BeE and AceE. By (3) or (H),
0=ANBeE. Consequently, E is trivial. This
contradicts our assumption. Hence Card,H<q.

isomorphisms,

The natural isomorphism H= M/Limplies that
Card,(M/L) <q. Now we consider the set Q of

all cardinal numbers v such that

v<q & VLeE:Card,(M/L)<vV.

Q=+, because qe Q. By I1.15.1V [3] , there
exists the least element p belonging to Q.
Thus VL eE:Card,(M/L)<p. It means that
EcCE,(M).

Let L eE,(M). Whence Card,(M/L)<p. We

claim that there exists D € E such that
Card,(M/L) < Card,(M/D) . Conversely, suppose

that

vD e E:Card,(M/D) < Card,(M/L).

But Card,(M/L)<p<q.
Card,(M/L)e Q. Since p is the least element
belonging to Q, p<Card,(M/L), contrary to
Card,(M/L)<p.

Hence

Now we have that there exists DeE such
that Card,(M/L)<Card,(M/D). It is easily seen

that for L,D there exist H,K<M such that
M=L®@H,M=D®K.

Since M/L=H, M/D=K,
Card,(H) < Card (K). Since H<M and K<M,
there exist isomorphisms u:H— @T M, for

some Tcl and W:K—)(—BSMi for some Scl.

Therefore CardT <CardS. From this we have
that there exists an injective map y:T —S.
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Consider the following map:

l//:.@rMi_)eMU

ieS

where
‘//(Z m;) = Zfi,y(i)(mi) )

(m, eM;(iel),Card{i e T|m; =0} < ).
It is obvious that i is a monomorphism.

Now consider the following map:
n:M->M,
where
n(l+h)y=wwu(h), (leL,heH).

It is clear that 1 € End(M) . Since D(NK =0 and
imp cK, for every leK,heH:
n(l+h)eD o w'yu(h)e D < wlyu(h)=0.

Since  u,ware isomorphisms and s
monomorphism, for every heH:

wwu(h)=0< h=0. From the above it follows
that (D:7),,=L. Since E 1is a radical
[preradical] filter of M and DeE, (D:7),, =L

shows that LeE, by (2). It means that
E,(M)cE.But ECE (M). Hence E=E (M).

Proposition 2. If M is a left R -module such
that M=M, &M, ®..0M,,

M, =Tr, (M,) ie{l,2,...,n} and
VS:S<M=SeGen(M), then every radical|
preradical] filter E of M is of the form

where

for each

E={,+),+..+J [ eE(ie{l,2,...,n}},

where Ei is a radical [preradical] filter of M,

for each ie{l,2,...,n}.

Proof. Let E be a radical[ preradical] filter of
M and M=M, &M, ®..OM,,

M, =Tr,(M,) for each ie{l,2,..,n}. Put

where

E, ={f,(K)|K E}

for each ie€{l,2,..,n}, where
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f.M->Mf(m+m,+..+m )=m,
(m, eM;;m, e M,,...,.m, e M,) for each
iefl2,..,n}.

(1) Let LeE,,L<N<M,. Hence there exists
PeEsuch that L=f/(P). Since L<N,
P<f*(N). By (1), f*'(N)eE, because PcE.
Therefore N =f,(f*(N)) €E,.

(2) Let LeE, feEnd(M,). Hence there exists
P eE such that L =f,(P). Consider

F:M > M,

where Frm +m,+..+m +..+m, — f(m),

(m, eM,,...m, eM,). Thus FeEnd(M).

We claim that f((P:F),)<(L:f), . Indeed,
let x; ef,((P:F),). We have that x, e M,. Thus
there exists xe(P:F),, such that f,(x)=x;.
Hence f(x,)=F(Xx)eP. It 1is clear that
f(x;) e M,. Therefore f(x,)=f(f(x;)ef,(P)=L.
Whence X e(L:f)y, . We
£(P:F),) < (L:T),.

obtain

Since PeE and FeEnd(M), (P:F), €E, by
2). (P:F),, €E implies f,((P:F)y)<E,. Since
fi(P:F)y) < (L:f)y , (1) implies (L:f), €E;.

(3) Let L,NeE,. Hence there exist P,TeE
such that L=f(P) and N=f(T). By (3) (for

preradical filter E), PNTeE. Therefore

f.(PNT)eE,.

Since f,(PNT)cf,(P)Nf(T)=LNN  and
f.(PNT)eE,, weobtain LNNeE,, by (1).

(4)Let
NeE,NeGen(M,),L<N<M, A
vg e End(M;), 1 (L:9g)y €E;.

Hence N=f(T) for some TeE. Since
Tcf'(N), f'(N)eE, by (1). And
f'(N)eGen(M). L<N implies f (L) <f *(N).
Let G be an arbitrary element of End(M)fi,l(N) .

By Proposition 8.16 [1] , M, =Tr,,(M,) is fully
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invariant submodule of M for each
se{L2,..,n}. Hence G(M,)c M, for each
se{l,2,...,n}.

Consider

g:M, > M;,m— G(m),(meM,).

Since  VgeEnd(M,),:(L:9),, €E;, there
exists Y, eE such that g(Y,)<L. Since
G(M,) c M, for each se{l,2,..,n},

G(f ' (Y,)=G(M,®..&M,_, @Y, ®
OM,,, D..OM )M, ®..OM_, ®

i+l

BG(Y,)OM,,®..OM, =

i+1

=M, ®..OM_, ®g(Y,)OM,,®..OM, c

i+1

cM®.OM, OLOM, ,®..OM, =f " (L).

i+1

Hence f'(Y,)c(f'(L):G),. Since Y, <E,,
there exists PeEsuch that Y, =f(P). Thus
Pcf(Y,). Hence Pc (f"(L):G), &P<cE. By
1), (f(L):G), €E. Since f'(N)eE,
£ (N) e Gen(M), f, (L) <f, ' (N) <M and
VG e End(M) ,  :(f(L):G), €E,

) obtain

f (L) e E. Therefore L =f (f (L)) €E;.

Let JeE. Put J,=f(),(e{L2..,n}). By
Proposition 8.20 [1],

(M) =T (M, @M, ®..&M,) =D Tr,(M,).
i=1

Since J<M, Tr(M,)<Tr,(M,)=M,for any
ie{l2,..,n}, by Proposition 8.16 [1]. Hence

(M) = _(JiBlTrJ M), because
M=M,EM,®d..®&M,. Since Je Gen(M),

Tr,(M)=J, by Proposition 8.12.1. Whence
J:_élTrJ(Mi)&Vie{1,2,...,n}:TrJ(Mi)snv|i.
Therefore Tr;(M,)=J; for any ie{l2,..,n}.

Thus J=J+J,+..+J,, where
J ek J,eE,,...J, €E,.

Let P, €E, for each ie{l,2,..,n}. Hence there
exists H,eE such that P =f/(H;). Thus
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H, < f(P). By (1), f,"(P) €E. f,(P)  Gen(M)
ie{L2,.,n}. By (@3 or (5,
£, (PN, (P)N..NF, *(P,) e E . Since
f'P)=M,+..+M_, +P. + M, ,
ief,,2,...,n}, PL+P,+..+P, €E.

for any

+..+M, for any

Proposition 3. Let M is a left R -module with
J(M) = M . Then every preradical filter of M is

trivial if and only if M 1is a finitely generated
semisimple module M with exactly one
homogeneous component.

Proof. (=) Assume that every preradical filter

of M 1is trivial. Let Ssbe the class of all
semisimple modules of M . Consider

F:={L<M|M/L eSs}.
Since J(M) =M, F={M}.

(1) Let L<K,LeF. Then there exists an exact
sequence M/L—->M/K —0.Hence KeF.

(2) Let LeF,feEnd(M). Since there exists an
exact sequence 0—>M/(L:f),, >M/L,

(L:f), cF.

(3) Let L,NeF. Since there exists an exact
sequence 0—>M/(LNN)—>M/LxM/N,

LNNeF.
Therefore F is a preradical filter.

Since F is a preradical filter and F={M},

0eF. Hence M is semisimple.

We shall show that all minimal submodules of
M are isomorphic. Suppose that L,N are non-

isomorphic minimal submodules of M. Hence
Tr, (L), Tr,, (N) are fully invariant submodules

of M. Since L,N are non-isomorphic,
Tr, (L), Tr, (N) are
Try,(L)YNTr,(N)=0.

independent.  Hence

Since

0#LcTr,(L)&0=NCcTr,(N)&
Tr,(L)NTr,(N)=0, 0=Tr,(L)=M. Taking
into account that Tr,(L) is a fully invariant

submodule of M, it is easily seen that
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{B<M|Tr,(L)<B} is a non-trivial preradical

filter of M, contrary to the fact that every
preradical filter of M is trivial.

Since all minimal submodules of M are
isomorphic, M has exactly one homogeneous
component.

Arguing similarly as in Example 1 [5], we
obtain that M is finitely generated.

(<) Assume that M is a finitely generated
semisimple module and all minimal
submodules of M are isomorphic. Arguing
similarly as in Theorem 4 [5], we obtain that

every preradical filter of M 1is trivial.

Axryanpul npobisiemu (isukn, MmaTeMaTuku Ta iHgopmaturku. No 6, 2014

REFERENCES

[1] Anderson, F.W., Fuller, K.R. Rings and
categories of modules, Berlin-Heidelberg-New
York: Springer, 1973. 340 p.

[2] Sierpinski, W. Cardinal and ordinal
numbers, Warszawa: PWN, 2nd edition,1965.
492 p.

[3] Hausdorff, F. Set theory, AMS Bookstore,
2005. 352 p.

[4] Kashu, A.I Radicals and torsions in
modules, Chisinau: Stiintca, 1983. 156 p.

[5] Maturin, Yu. P. Preradicals and
submodules. Algebra and Discrete
Mathematics, Vol. 10 (2010), No. 1, pp.88-96.

ISSN 2410-2989 (Online),
ISSN 2410-2997 (Print)



	6++maturin

