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Âñòóï

Ó øêiëüíîìó êóðñi ìàòåìàòèêè çíà÷íå ìiñöå çàéìàþòü åëåìåíòè ìàòåìà-

òè÷íîãî àíàëiçó, çîêðåìà, äèôåðåíöiàëüíå ÷èñëåííÿ ôóíêöié îäíi¹¨ çìiííî¨

[1]. Ó÷íi îïàíîâóþòü íîâèé ìàòåìàòè÷íèé àïàðàò, ÿêèé åôåêòèâíî çàñòîñî-

âó¹òüñÿ ïðè ðîçâ'ÿçóâàííi áàãàòüîõ çàäà÷ ìàòåìàòèêè, ôiçèêè, àñòðîíîìi¨,

òåõíiêè, åêîíîìiêè, õiìi¨ òà áiîëîãi¨ [2, 5]. Áàãàòî âïðàâ i çàäà÷ åëåìåíòàð-

íî¨ ìàòåìàòèêè ìîæíà ðîçâ'ÿçóâàòè çà äîïîìîãîþ ÿê "åëåìåíòàðíèõ òàê i

"íååëåìåíòàðíèõ"ìåòîäiâ, çîêðåìà, ìåòîäiâ ìàòåìàòè÷íîãî àíàëiçó [1-7].

Ïîõiäíà � öå îñíîâíèé iíñòðóìåíò äèôåðåíöiàëüíîãî ÷èñëåííÿ, ÿêèé ¹

áàçîâèì ìåòîäîì ó ìàòåìàòèöi. Òàêîæ öå ïîíÿòòÿ, ÿêå õàðàêòåðèçó¹ øâèä-

êiñòü çìiíè äåÿêî¨ ôóíêöi¨ y = f(x). Ïîõiäíîþ ôóíêöi¨ y = f(x) â òî÷öi x0

íàçèâà¹òüñÿ ãðàíèöÿ âiäíîøåííÿ ïðèðîñòó ôóíêöi¨△y = f(x0+△x)−f(x0)

â öié òî÷öi äî ïðèðîñòó àðãóìåíòó △x, ÿêùî îñòàííié ïðÿìó¹ äî íóëÿ, òîá-

òî iñíó¹ ãðàíèöÿ

f ′(x0) = lim
△x→0

△y

△x
.

Çàâäÿêè ïîõiäíié ìîæíà ðîçãëÿíóòè íèçêó çàäà÷, ÿêi íå ìîæíà ðîçâ'ÿçàòè

çà äîïîìîãîþ "åëåìåíòàðíèõ"ìåòîäiâ. Òîìó áàãàòî êëàñè÷íèõ åëåìåíòàð-
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íèõ çàäà÷ (äîñëiäæåííÿ i ðîçâ'ÿçàííÿ ðiâíÿíü, äîâåäåííÿ íåðiâíîñòåé òà

òîòîæíîñòåé, ãåîìåòðè÷íi çàäà÷i òîùî) óñïiøíî ðîçâ'ÿçóþòüñÿ iç çàñòîñóâà-

ííÿì ïîõiäíî¨ [1-7]. Íàâ÷àëüíi ïîñiáíèêè i øêiëüíi ïiäðó÷íèêè ïðèäiëÿþòü

ìàëî óâàãè öèì ïèòàííÿì. Ïðè öüîìó, íåñòàíäàðòíå âèêîðèñòàííÿ ìåòîäiâ

ìàòåìàòè÷íîãî àíàëiçó äîçâîëÿ¹ ãëèáøå çàñâî¨òè êëþ÷îâi ïîíÿòòÿ òåîði¨,

ÿêà âèâ÷à¹òüñÿ.

Äëÿ ðîçâ'ÿçàííÿ çàäà÷ ïîòðiáíî ïiäáèðàòè ìåòîä, ïåðåâiðÿòè óìîâè

éîãî çàñòîñîâíîñòi, à òàêîæ àíàëiçóâàòè îäåðæàíi ðåçóëüòàòè. Íà ïðàêòè-

öi ÷àñòî äîâîäèòüñÿ ðîáèòè íåâåëèêi ìàòåìàòè÷íi äîñëiäæåííÿ, â ïðîöåñi

ÿêèõ ðîçâèâàþòüñÿ ìàòåìàòè÷íi çäiáíîñòi, ëîãiêà òà ïiäâèùó¹òüñÿ ìàòåìà-

òè÷íà êóëüòóðà.

Ìåòà ìàãiñòåðñüêî¨ ðîáîòè ïîëÿãà¹ ó ðîçðîáöi ìåòîäè÷íèõ ïiäõîäiâ

íàâ÷àííÿ ó÷íiâ çàñòîñóâàííþ ïîõiäíî¨ äî ðîçâ'ÿçóâàííÿ çàäà÷ åëåìåíòàð-

íî¨ ìàòåìàòèêè.

Îá'¹êòîì äîñëiäæåííÿ ¹ ôóíêöi¨, ðiâíÿííÿ, íåðiâíîñòi i òîòîæíîñòi.

Ïðåäìåòîì äîñëiäæåííÿ ¹ çàñòîñóâàííÿ ïîõiäíî¨ äî ðîçâ'ÿçóâàííÿ çà-

äà÷ åëåìåíòàðíî¨ ìàòåìàòèêè.

Çàäà÷i äîñëiäæåííÿ: ñèñòåìàòèçóâàòè ìåòîäè ðîçâ'ÿçàííÿ ðiâíÿíü òà

íåðiâíîñòåé, äîâåäåííÿ òîòîæíîñòåé, ïîáóäîâè ãðàôiêiâ i äîñëiäæåííÿ ôóí-

êöié çà äîïîìîãîþ ïîõiäíî¨.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè ìàãi-

ñòåðñüêî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìîæóòü áóòè âèêî-
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ðèñòàíi äëÿ ïiäãîòîâêè âèïóñêíèêiâ äî íàöiîíàëüíîãî ìóëüòèïðåäìåòíîãî

òåñòó, ó äîóíiâåðñèòåòñüêié ïiäãîòîâöi ìîëîäi, ëiöåÿõ, ãiìíàçiÿõ òà øêîëàõ

ç ïîãëèáëåíèì âèâ÷åííÿì ìàòåìàòèêè.

Àïðîáàöiÿ ðåçóëüòàòiâ ìàãiñòåðñüêî¨ ðîáîòè. Ðåçóëüòàòè äîñëi-

äæåíü âèêëàäåíî ó äîïîâiäi íà XI-é ìiæíàðîäíié íàóêîâî-ïðàêòè÷íié êîí-

ôåðåíöi¨ ñòóäåíòiâ òà âèêëàäà÷iâ ôàêóëüòåòó ôiçèêè, ìàòåìàòèêè, åêîíî-

ìiêè òà iííîâàöiéíèõ òåõíîëîãié [8].

Còðóêòóðà i îáñÿã ðîáîòè. Ìàãiñòåðñüêà ðîáîòà ñêëàäà¹òüñÿ ç àíî-

òàöi¨, âñòóïó, 5 ðîçäiëiâ, âèñíîâêó òà ñïèñêó âèêîðèñòàíèõ äæåðåë. Ïîâíèé

îáñÿã ðîáîòè ñòàíîâèòü 43 ñ.
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Ðîçäië 1

Çàñòîñóâàííÿ ïîõiäíî¨ ïðè ïîðiâíÿííi

çíà÷åíü ôóíêöi¨

Ïîõiäíà âèêîðèñòîâó¹òüñÿ äëÿ ïîðiâíÿííÿ çíà÷åíü äèôåðåíöiéîâíèõ ôóí-

êöié f(x) i f(x+α) ç àðãóìåíòàìè x òà x+α, äå α � äîâiëüíå äîäàòíå ÷èñëî.

Î÷åâèäíî, ùî x òà x+α ìàþòü íàëåæàòè iíòåðâàëó äèôåðåíöiéîâíîñòi ôóí-

êöi¨ f [1].

Âiäîìî, ùî ÿêùî f ′(x) > 0 íà äåÿêîìó âiäêðèòîìó iíòåðâàëi, òî ôóí-

êöiÿ f çðîñòà¹ i f(x) < f(x+α). ßêùî æ f ′(x) < 0 íà äåÿêîìó âiäêðèòîìó

iíòåðâàëi, òî ôóíêöiÿ f ñïàäà¹ i f(x) > f(x+ α).

Ðîçãëÿíåìî ôóíêöiþ âèãëÿäó f(x) = lnx
x ïðè x > 0. Ïîõiäíà öi¹¨ ôóí-

êöi¨ f ′(x) = 1−lnx
x , i f ′(x) > 0 ïðè x ∈ (0; e), à íà ïðîìiæêó (e; +∞) ìà¹ìî

f ′(x) < 0. Îòæå, ïðè 0 < x1 < x2 < e âèêîíó¹òüñÿ lnx1

x1
< lnx2

x2
. Òîìó

xx2
1 < xx1

2 . ßêùî e < x1 < x2, òî
lnx1

x1
< lnx2

x2
i xx2

1 > xx1
2 [1,5].
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Ðîçëÿíåìî òèïîâi çàâäàííÿ íà çàñòîñóâàííÿ ïîõiäíî¨ ïðè ïîðiâíÿííi çíà-

÷åíü ôóíêöi¨.

Çàäà÷à 1.

Ïîðiâíÿòè ÷èñëîâi çíà÷åííÿ 100
√
100 i 101

√
101.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî ôóíêöiþ f(x) = x
√
x ïðè x > 0. Çíàéäåìî

¨¨ ïîõiäíó òà ïðèðiâíÿ¹ìî äî íóëÿ. Ìà¹ìî

f ′(x) = ( x
√
x)′ = (e

ln x
x )′ = e

ln x
x ·

1
x · x− 1 · lnx

x2
= e

ln x
x ·1− lnx

x2
=

x
√
x(1− lnx)

x2
,

x
√
x(1− lnx)

x2
= 0, x ̸= 0, x > 0, lnx = 1, x = e.

Íà ïðîìiæêó (e; +∞) ïîõiäíà f ′(x) < 0. Òîìó ôóíêöiÿ f ñïàäà¹. Îòæå,

f(x) > f(x+ 1) i

100
√
100 >

101
√
101.

Çàäà÷à 2.

Ïîðiâíÿòè log9 10 i log10 11.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî ôóíêöi¨

f(x) = logx(x+ α), f(x) = logx+β(x+ α + β)

äå α i β � äîâiëüíi äîäàòíi ÷èñëà, à x > 1. Íåõàé f(x) = logx(x + α).

Ïîêàæåìî, ùî öÿ ôóíêöiÿ ñïàäà¹ íà ïðîìiæêó (1;+∞). Ìà¹ìî

f ′(x) =

(
ln(x+ 1)

lnx

)′
=

1
x+1 · lnx− 1

x ln(x+ 1)

ln2 x
=
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=
x · lnx− (x+ 1) · ln(x+ 1)

x(x+ 1) ln2 x

Îñêiëüêè x < x + 1, òî lnx < ln(x + 1) i f ′(x) < 0. Òîìó, ðîçãëÿäóâàíà

ôóíêöiÿ ñïàäà¹ íà ïðîìiæêó (1;+∞).

Îòæå,

logx(x+ α) > logx+β(x+ α + β),

i

log9 10 > log10 11.

Çàäà÷à 3.

Ïîðiâíÿòè
sin 1,4
1,4 i sin 1,5

1,5 .

Ðîçâ'ÿçàííÿ.Îñêiëüêè 0 < 1, 4 < 1, 5 < π
2 , òî ðîçãëÿíåìî ôóíêöiþ

f (x) = sinx
x íà iíòåðâàëi (0; π2 ). Çíàéäåìî ïîõiäíó:

f ′(x) =
x cosx− sinx

x2
=

cosx(x− tg x)

x2
.

Äëÿ x ç iíòåðâàëó (0; π2 ) âèêîíó¹òüñÿ x < tg x. Òîìó f ′(x) < 0. Îòæå, äàíà

ôóíêöiÿ ñïàäà¹ íà iíòåðâàëi (0; π2 ). Îòæå,

sin 1, 4

1, 4
>

sin 1, 5

1, 5
.

Çàäà÷à 4.

Ïîðiâíÿòè (
√
2)

√
3 i (

√
3)

√
2.

Ðîçâ'ÿçàííÿ. Îñêiëüêè 0 <
√
2 <

√
3 < e, òî ç ìiðêóâàíü íà ïî÷àòêó

ðîçäiëó âèïëèâà¹, ùî (
√
2)

√
3 < (

√
3)

√
2.
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Çàäà÷à 5.

Ïîðiâíÿòè (
√
11)

√
15 i (

√
15)

√
11.

Ðîçâ'ÿçàííÿ. Îñêiëüêè e <
√
11 <

√
15, òî ç âèêëàäîê íà ïî÷àòêó

ðîçäiëó âèïëèâà¹, ùî

(
√
11)

√
15 > (

√
15)

√
11.

Çàäà÷à 6.

Ïîðiâíÿòè 19831984 i 19841983.

Ðîçâ'ÿçàííÿ. Îñêiëüêè e < 1983 < 1984, ÿê â ïåïåðåäíié çàäà÷i âè-

ïëèâà¹, ùî 19831984 > 19841983.

Çàäà÷à 7.

Ïîðiâíÿòè (ln 20)3 i 3ln 20.

Ðîçâ'ÿçàííÿ. Îñêiëüêè ln 20 ≈ 2.99573, òî e < ln 20 < 3 i, ÿê âèùå,

îòðèìó¹ìî

(ln 20)3 > 3ln 20.

Çàäà÷à 8.

Ïîðiâíÿòè (sin π
4 )

sin π
3 i (sin π

3 )
sin π

4

Ðîçâ'ÿçàííÿ. Ìà¹ìî

sin
π

4
=

√
2

2
, sin

π

3
=

√
3

2
.
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Òîìó áóäåìî ïîðiâíþâàòè (
√
2
2 )

√
3
2 i (

√
3
2 )

√
2
2 .Îñêiëüêè 0 <

√
2
2 <

√
3
2 < e,

òî (
√
2
2 )

√
3
2 < (

√
3
2 )

√
2
2 .

Îòæå,

(sin
π

4
)sin

π
3 < (sin

π

3
)sin

π
4 .
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Ðîçäië 2

Ïîáóäîâà ãðàôiêiâ òà äîñëiäæåííÿ

ôóíêöié çà äîïîìîãîþ ïîõiäíî¨

Äëÿ äîñëiäæåííÿ ôóíêöié øèðîêî çàñòîñîâó¹òüñÿ äèôåðåíöiàëüíå ÷èñëå-

ííÿ. Äëÿ òîãî ùîá çíàéòè ïðîìiæêè ìîíîòîííîñòi ôóíêöi¨, òî÷êè åêñòðå-

ìóìó, íàéáiëüøå òà íàéìåíøå çíà÷åííÿ ôóíêöi¨ íà çàìêíåíîìó ïðîìiæêó,

âèêîðèñòîâóþòü âëàñòèâîñòi ïîõiäíî¨. Äàëi, âæå çà äîïîìîãîþ öèõ äàíèõ

ìîæíà ïîáóäóâàòè åñêiç ãðàôiêà ôóíêöi¨ [8].

Ïðîìiæêè çðîñòàííÿ i ñïàäàííÿ ôóíêöi¨ y = f(x) íà iíòåðâàëi ìîíî-

òîííîñòi õàðàêòåðèçó¹òüñÿ çíàêîì ¨¨ ïîõiäíî¨. ßêùî íà äåÿêîìó iíòåðâàëi

ïîõiäíà ôóíêöi¨ f ′(x) > 0, òî öÿ ôóíêöiÿ çðîñòà¹ íà äàíîìó iíòåðâàëi.

ßêùî æ f ′(x) < 0, òî öÿ ôóíêöiÿ ñïàäà¹.

Òî÷êè â ÿêèõ ïîõiäíà ôóíêöi¨ f ′(x) = 0 àáî íå iñíó¹, íàçèâàþòüñÿ êðè-

òè÷íèìè òî÷êàìè. Äëÿ òîãî ùîá âèçíà÷èòè ÷è êðèòè÷íà òî÷êà ¹ òî÷êîþ

ìàêñèìóìó ÷è ìiíiìóìó, ïîòðiáíî âèêîðèñòàòè äîñòàòíi îçíàêè iñíóâàííÿ
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åêñòðåìóìó. ßêùî ïðè ïåðåõîäi ÷åðåç òî÷êó ïîõiäíà f ′(x) çìiíþ¹ ñâié çíàê

ç ′+′ íà ′−′, òî öÿ òî÷êà ¹ òî÷êîþ ìàêñèìóìó � xmax. ßêùî ïîõiäíà f ′(x)

çìiíþ¹òüñÿ ç ′−′ íà ′+′ ïðè ïåðåõîäi ÷åðåç êðèòè÷íó òî÷êó, òî öÿ òî÷êà ¹

òî÷êîþ ìiíiìóìó � xmin [5, 15].

Çàäà÷à 1.

Çíàéòè ïðîìiæêè çðîñòàííÿ i ñïàäàííÿ, à òàêîæ òî÷êè xmin, xmax äëÿ

ôóíêöi¨

f(x) = 2x3 − 15x2 − 84x+ 8.

Ðîçâ'ÿçàííÿ.

Îáëàñòü âèçíà÷åííÿ äëÿ äàíî¨ ôóíêöi¨ ¹ ℜ. Ìà¹ìî

f ′(x) = 6x2 − 30x− 84.

Äëÿ çíàõîäæåííÿ êðèòè÷íèõ òî÷îê ïîòðiáíî ïîõiäíó f ′(x) ïðèðiâíÿòè äî

íóëÿ:

6x2 − 30x− 84 = 0, x1 = −2, x2 = 7.

Êðèòè÷íi òî÷êè ôóíêöi¨ x1 = −2 i x2 = 7 ðîçäiëÿþòü îáëàñòü âèçíà÷åí-

íÿ íà ïðîìiæêè ìîíîòîííîñòi (−∞;−2) ∪ (−2; 7) ∪ (7;+∞). Íà ïðîìiæêó

(−∞;−2) ïîõiäíà f ′(x) > 0. Òîìó ôóíêöiÿ çðîñòà¹ íà öüîìó ïðîìiæêó.

Íà ïðîìiæêó (−2; 7) ïîõiäíà f ′(x) < 0 i ôóíêöiÿ ¹ ñïàäíîþ. Íà ïðîìiæêó

(7;+∞) çíîâó f ′(x) > 0 i ôóíêöiÿ çðîñòà¹. Òî÷êà x1 = −2 çìiíþ¹ çíàê

ïîõiäíî¨ ç ′+′ íà ′−′ i öå òî÷êà xmax, à òî÷êà x2 = 7 çìiíþ¹ çíàê ′−′ íà ′+′
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i ¹ òî÷êîþ xmin.

x (−∞;−2) −2 (−2; 7) 7 (7;+∞)

y′ + 0 − 0 +

y ↗ −236 ↘ −629 ↗

max min

Çàäà÷à 2.

Äîñëiäèòè ôóíêöiþ i íàêðåñëèòè åñêiç ãðàôiêà y = 2x
1+x2

Ðîçâ'ÿçàííÿ.

Îáëàñòü âèçíà÷åííÿ äëÿ äàíî¨ ôóíêöi¨ ¹ ℜ. Çíàéäåìî ïîõiäíó ôóíêöi¨ y =

f(x) òà ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ. Ìà¹ìî

f ′(x) =
2 · (1 + x2)− 2x · 2x

(1 + x2)2
=

2− 2x2

(1 + x2)2

i

f ′(x) =
2− 2x2

(1 + x2)2
= 0, x1 = −1, x2 = 1.

Êðèòè÷íi òî÷êè ôóíêöi¨ x1 = −1 i x2 = 1 ðîçäiëÿþòü îáëàñòü âèçíà÷åí-

íÿ íà ïðîìiæêè ìîíîòîííîñòi (−∞;−1) ∪ (−1; 1) ∪ (1;+∞). Íà ïðîìiæêó

(−∞;−1) ïîõiäíà f ′(x) < 0. Îòæå, ôóíêöiÿ ñïàäà¹. Íà ïðîìiæêó (−1; 1)

ïîõiäíà f ′(x) > 0 i ôóíêöiÿ çðîñòà¹. Íà ïðîìiæêó (1;+∞) ïîõiäíà f ′(x) < 0

i ôóíêöiÿ ñïàäà¹. Òî÷êà x1 = −1 çìiíþ¹ çíàê ïîõiäíî¨ ç ′−′ íà ′+′ i ¹ òî-

÷êîþ xmin, à òî÷êà x2 = 1 çìiíþ¹ çíàê ′+′ íà ′−′ i öå òî÷êà xmax.
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x (−∞;−1) −1 (−1; 1) 1 (1;+∞)

y′ − 0 + 0 −

y ↘ −1 ↗ 1 ↘

min max

Çà äàíèìè ç òàáëèöi, ïîáóäó¹ìî åñêiç ãðàôiêà çàäàíî¨ ôóíêöi¨.

Ðèñ. 2.1: Ãðàôiê ôóíêöi¨ y = 2x
1+x2

Çàäà÷à 3.

Äîñëiäèòè ôóíêöiþ i íàêðåñëèòè åñêiç ãðàôiêà y = 2x
1−x2 .

Ðîçâ'ÿçàííÿ.

Îáëàñòü âèçíà÷åííÿ ôóíêöi¨: x ∈ (−∞;−1) ∪ (−1; 1) ∪ (1;+∞). Ìà¹ìî

f ′(x) =
2 · (1− x2) + 2x · 2x

(1− x2)2
=

2x2 + 2

(1− x2)2
,
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1− x2 ̸= 0, x2 + 1 = 0,

x2 ̸= 1, x2 = −1

x1 ̸= −1, x2 ̸= 1, x ∈ ∅.

Êðèòè÷íi òî÷êè ôóíêöi¨ x1 = −1; x2 = 1 ðîçäiëÿþòü îáëàñòü âèçíà÷åí-

íÿ íà ïðîìiæêè ìîíîòîííîñòi (−∞;−1) ∪ (−1; 1) ∪ (1;+∞). Íà âñiõ öèõ

ïðîìiæêàõ ïîõiäíà f(x) > 0 íà âñié îáëàñòi âèçíà÷åííÿ. Çàïèøåìî äàíi ó

òàáëèöþ.

x (−∞;−1) −1 (−1; 1) 1 (1;+∞)

y′ + − + − +

y ↗ − ↗ − ↗

Çà äàíèìè ç òàáëèöi, ïîáóäó¹ìî åñêiç ãðàôiêà ôóíêöi¨.

Ðèñ. 2.2: Ãðàôiê ôóíêöi¨ y = 2x
1−x2
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Çàäà÷à 4.

Ñêëàñòè ðiâíÿííÿ ñïiëüíî¨ äîòè÷íî¨ äî ãðàôiêiâ ôóíêöié g(x) = x2+2x+5

òà ϕ(x) = x2 + 6x+ 2

Ðîçâ'ÿçàííÿ. Ðiâíÿííÿ äîòè÷íî¨ ìà¹ âèãëÿä: y = f ′(x1/2)(x− x1/2) +

f(x1/2), i x1 òà x2 �àáñöèñè òî÷îê äîòèêó äî g(x) òà ϕ(x). Çíàéäåìî ïîõiäíi

ôóíêöié g′(x) = 2x+ 2, ϕ′(x) = 2x+ 6.

Ðiâíÿííÿ äîòè÷íî¨ äî ãðàôiêà ôóíêöi¨ g(x) â òî÷öi x1: y = (2x1 + 2)(x −

x1) + x21 + 2x1 + 5. Ðiâíÿííÿ äîòè÷íî¨ äî ãðàôiêà ôóíêöi¨ ϕ(x) â òî÷öi x2:

y = (2x2 + 6)(x− x2) + x22 + 6x2 + 2.

Êóòîâèé êîîôiöi¹íò ïîâèíåí çáiãàòèñÿ äëÿ äâîõ ôóíêöié: k = g′(x) = ϕ′(x).

Âíàñëiäîê ÷îãî, îòðèìà¹ìî ñèñòåìó ðiâíÿííü: 2x1 + 2 = 2x2 + 6

−x1(2x1 + 2) + x21 + 2x1 + 5 = −x2(2x2 + 6) + x22 + 6x2 + 2, 2x1 = 2x2 + 4

−2x21 − 2x1 + x21 + 2x1 + 5 = −2x22 − 6x2 + x22 + 6x2 + 2, x1 = x2 + 2

−x21 + 5 = −x22 + 2,

x22 + 4x2 + 4− 5 = x2 − 2, 4x2 = −1,

x2 = −1

4
, x1 = 1

3

4
.

Çíàéäåìî çíà÷åííÿ ïîõiäíî¨ ôóíêöi¨ ϕ′(x) i çíà÷åííÿ ôóíêöi¨ ϕ(x) â òî÷öi

x2 = −1
4 . ϕ

′(x1) = ϕ(−1
4) = 2 · (−1

4) + 6 = 5, 5.
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ϕ(x1) = ϕ(−1
4) = (−1

4)
2 + 6 · (−1

4) + 2 = 9
16 .

À òåïåð çàïèøåìî ðiâíÿííÿ ñïiëüíî¨ äîòè÷íî¨:

y = 5, 5(x+
1

4
) +

9

16
= 5, 5x+ 1

15

16
.
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Ðîçäië 3

Çàñòîñóâàííÿ ïîõiäíî¨ äëÿ äîâåäåííÿ

íåðiâíîñòåé

Íåõàé çàäàíî íåðiâíiñòü f(x) ⩾ g(x), ÿêó ïîòðiáíî äîâåñòè äëÿ x ∈ [a; b].

Ïîçíà÷èìî ÷åðåç φ(x) ðiçíèöþ çàäàíèõ ôóíêöié f(x)− g(x). Òîäi çíà-

éäåìî ïîõiäíó ôóíêöi¨ φ(x) i ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ: φ′(x) = f ′(x)−g′(x) =

0. Ç îòðèìàíîãî ðiâíÿííÿ çíàéäåìî ¹äèíèé êîðiíü x0. Ïðè öüîìó, ìà¹ âè-

êîíóâàòèñÿ íåðiâíiñòü φ(x0) = f(x0) − g(x0) ⩾ 0 i òî÷êà x0 ïîâèííà áóòè

òî÷êîþ ìiíiìóìó ôóíêöi¨ íà çàäàíîìó ïðîìiæêó. Ç îãëÿäó íà öå, ìîæíà

ñòâåðäæóâàòè, ùî íà îáëàñòi âèçíà÷åííÿ ôóíêöi¨ f òà g âèêîíó¹òüñÿ íåðiâ-

íiñòü f(x) ⩾ g(x) [3, 11, 13].

Äàíèé ìåòîä òàêîæ ìîæíà âèêîðèñòîâóâàòè äëÿ äîâåäåííÿ ÷èñëîâèõ

íåðiâíîñòåé, àëå äëÿ öüîãî ïîòðiáíî ââåñòè ôóíêöiþ, ÿêà ïðèéìà¹ ÷èñëîâi

çíà÷åííÿ ó çàäàíèõ òî÷êàõ.
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Çàäà÷à 1.

Äîâåñòè, ùî äëÿ 0 < a < b âèêîíó¹òüñÿ íåðiâíiñòü

ln
(a
b
+ 1
)
ln

(
b

a
+ 1

)
< (ln 2)2 .

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî

φ(x) = (ln 2)2 − ln
(a
b
+ 1
)
ln

(
b

a
+ 1

)
.

Íåõàé
b

a
= x. Òîäi

a

b
=

1

x
i äëÿ x > 1

φ(x) = (ln 2)2 − ln

(
1

x
+ 1

)
ln (x+ 1) .

Çíàéäåìî ïîõiäíó ôóíêöi¨ φ(x) i ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ:

φ′(x) = −
(

1
1
x + 1

·
(
− 1

x2

)
· ln(x+ 1) +

1

1 + x
ln

(
1

x
+ 1

))
−

−
(

1
1
x + 1

·
(
− 1

x2

)
· ln(x+ 1) +

1

1 + x
ln

(
1

x
+ 1

))
= 0,

1

x+ x2
ln(x+ 1)− 1

x+ 1
ln

(
x+ 1

x

)
= 0,

1

x+ 1

(
1

x
ln(x+ 1)− ln

(
x+ 1

x

))
= 0,

1
x+1 = 0, ln x(x+1)

1
x

x+1 = 0,

x ̸= −1, x(x+1)
1
x

x+1 = 1,

x ∈ ∅, x = 1.
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Ïiäñòàâèìî x = 1 ó ôóíêöiþ φ(x), îòðèìà¹ìî:

φ(1) = (ln 2)2 − ln

(
1

1
+ 1

)
ln (1 + 1) = (ln 2)2 − ln 2 ∗ ln 2 = 0.

Çà óìîâîþ çàäà÷i 0 < a < b. Òîìó x > 1. Îòæå,

(ln 2)2 − ln

(
1

x
+ 1

)
ln (x+ 1) > 0,

i

ln
(a
b
+ 1
)
ln

(
b

a
+ 1

)
< (ln 2)2 .

Çàäà÷à 2.

Äîâåñòè, ùî ÿêùî 0 < x < y < π
2 , òî âèêîíó¹òüñÿ íåðiâíiñòü

tg x

x
<

tg y

y
.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî ôóíêöiþ φ(x) = tg x
x .

Çíàéäåìî ïîõiäíó ôóíêöi¨ φ(x)

φ′(x) =
x

cos2 x − tg x

x2
=

x
cos2 x −

sin x
cos x

x2
=

x− sin x cos x

cos2 x · x2
.

Ïðèðiâíÿ¹ìî ïîõiäíó äî íóëÿ:

x− sin x cos x

cos2 x · x2
= 0.

cos2 x ̸= 0, x2 ̸= 0,

x ̸= 0, x ̸= π
2 , x ̸= 0.
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Îòæå, iíòåðâàë (0; π2 ) ¹ ïðîìiæêîì ìîíîòîííîñòi ôóíêöi¨ φ(x). Çíàéäåìî

çíà÷åííÿ ïîõiäíî¨ ôóíêöi¨ φ′(x) â òî÷öi ç ïðîìiæêà (0; π2 ).

Íàïðèêëàä x = π
4 .

φ′
(π
4

)
=

π
4 −

√
2
2 ·

√
2
2√

2
2 ·

√
2
2 · π

4

=
π−2
4
π
8

=
(π − 2) · 8

4π
=

2 · (π − 2)

π
= 2− 4

π
.

Ïîõiäíà ôóíêöi¨ φ′(π4 ) > 0.Îòæå, çàäàíà ôóíêöiÿ çðîñòàþ÷à íà ïðîìiæêó(0; π2 ).

Çâiäñè âèïëèâà¹ íàñòóïíå, ÿêùî 0 < x < y < π
2 òî âèêîíó¹òüñÿ íåðiâíiñòü:

tg x

x
<

tg y

y
.

Çàäà÷à 3.

Äîâåñòè íåðiâíiñòü

ex−1 ⩾ x.

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî ôóíêöiþ

φ(x) = ex−1 − x.

Îáëàñòü âèçíà÷åííÿ äëÿ äàíî¨ ôóíêöi¨ ¹ ℜ. Çíàéäåìî ïîõiäíó ôóíêöi¨ φ(x)

i ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ:

φ′(x) = ex−1 − 1 = 0.

ex−1 = 1, x− 1 = 0, x = 1.
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Êðèòè÷íà òî÷êa x0 = 1 ðîçäiëÿ¹ îáëàñòü âèçíà÷åííÿ íà ïðîìiæêè ìîíîòîí-

íîñòi (−∞; 1)∪ (1;+∞) Íà ïðîìiæêó (−∞; 1) ïîõiäíà φ′(x) < 0 (âiä'¹ìíà)

îòæå ôóíêöiÿ ñïàäà¹. Íà ïðîìiæêó (1;+∞) ïîõiäíà φ′(x) > 0 (äîäàòíÿ)

îòæå ôóíêöiÿ çðîñòà¹. Îòæå, òî÷êà x0 = 1 ¹ òî÷êîþ ìiíiìóìó ôóíêöi¨ φ(x)

. Ïåðåâiðèìî çíà÷åííÿ ôóíêöi¨ φ(x) â òî÷öi x0 = 1:

φ(1) = e0 − 1 = 1− 1 = 0.

Îòæå, φ(1) ⩾ 0, à çâiäñè âèïëèâà¹, ùî φ(x) ⩾ 0.

Òîìó: ex−1 − x ⩾ 0.
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Ðîçäië 4

Çàñòîñóâàííÿ ïîõiäíî¨ äî

ðîçâ'ÿçóâàííÿ ðiâíÿíü

Â äàíîìó ïàðàãðàôi ìè áóäåìî çíàõîäèòè êîðåíi ðiâíÿíü çà äîïîìîãîþ

ïîõiäíî¨.

Äëÿ öüîãî ïîòðiáíî äîñëiäèòè ôóíêöiþ íà ìîíîòîííiñòü, çíàéòè íàéáiëü-

øå i íàéìåíøå çíà÷åííÿ ôóíêöi¨,i çàñòîñîâóâàòè âëàñòèâîñòi ìîíîòîííèõ i

íåïåðåðâíèõ ôóíêöié.

Âëàñòèâiñòü [3]

ßêùî ôóíêöiÿ y = f(x) ñïàäà¹ àáî çðîñòà¹ íà âêàçàíîìó ïðîìiæêó

[a; b] , òî íà äàíîìó ïðîìiæêó ðiâíÿííÿ y = 0 ìà¹ íå áiëüøå îäíîãî êîðåíÿ.

Òîáòî ôóíêöiÿf(x) = 0 òîäi i òiëüêè òîäi êîëè ãðàôiê ïåðåòèíà¹ âiñü àáñöèñ

(Ox), à êîðiíü äàíîãî ðiâíÿííÿ öå àáñöèñà äàíî¨ òî÷êè.

Òåîðåìà Áîëüöàíî-Êîøi [3]

ßêùî ôóíêöiÿ f(x) âèçíà÷åíà i íåïåðåðâíà íà äàíîìó ïðîìiæêó [a; b] i
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íà êiíöÿõ íàáóâà¹ çíà÷åíü ðiçíèõ çíàêiâ, òî íà öüîìó ïðîìiæêó çíàéäåòüñÿ

òî÷êà c â ÿêié f(c) = 0

Çðîáèâøè âèñíîâîê ç äàíî¨ òåîðåìè âèïëèâà¹, ùî ðiâíÿííÿ âèãëÿäó

f(x) = 0 ìà¹ ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè çíà÷åííÿ f(x) ¹ ðiçíèõ

çíàêiâ íà êiíöÿõ ïðîìiæêà [a; b].

Çàäà÷à 1.

Ðîçâ'ÿçàòè ðiâíÿííÿ

x2 + x+ 12
√
x+ 1 = 36.

Ðîçâ'ÿçàííÿ.Îáëàñòü âèçíà÷åííÿ äàíîãî ðiâíÿííÿ ¹ ïðîìiæîê [−1;+∞).

Ïåðåïèøåìî ðiâíÿííÿ ó âèãëÿäi:

x2 + x+ 12
√
x+ 1− 36 = 0.

Íåâàæêî ïîìiòèòè, ùî x = 3 ¹ ðîçâ'ÿçêîì äàíîãî ðiâíÿííÿ, àëå ïåðåâiðèìî

÷è öå ¹äèíèé ðîçâ'ÿçîê.

Ïîçíà÷èìî f(x) = x2 + x+ 12
√
x+ 1− 36. Çíàéäåìî ïîõiäíó ôóíêöi¨ f(x)

i ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ:

f ′(x) = 2x+ 1 +
6√
x+ 1

,

2x+ 1 +
6√
x+ 1

= 0,

x ̸= −1.
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Âèäíî, ùî äàíå ðiâíÿííÿ íå ìà¹ ðîçâ'ÿçêiâ íà îáëàñòi âèçíà÷åííÿ. À ïîõiäíà

ôóíêöi¨ â áóäü ÿêié òî÷öi ç ïðîìiæêà [−1;+∞) ¹ äîäàòíÿ f ′(x) > 0. Îòæå,

ôóíêöiÿ çðîñòà¹ íà âñié îáëàñòi âèçíà÷åííÿ.

Òîäi x = 3 � ¹äèíèé ðîçâ'ÿçîê çàäàíîãî ðiâíÿííÿ.

Çàäà÷à 2.

Äîâåñòè, ùî ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê

x3 + x2 + x− 1 = 0

Ðîçâ'ÿçàííÿ.Îáëàñòü âèçíà÷åííÿ ðiâíÿííÿ xϵℜ. Ïîçíà÷èìî:

f(x) = x3 + x2 + x− 1,

i çíàéäåìî ïîõiäíó ôóíêöi¨.

f ′(x) = 3x2 + 2x+ 1,

3x2 + 2x+ 1 = 0,

D = −8 < 0.

Îòæå ðiâíÿííÿ ðîçâ'ÿçêiâ íåìà¹.Öÿ ôóíêöiÿ ¹ ìîíîòîííà íà âñié îáëàñòi

âèçíà÷åííÿ.À ïîõiäíà ôóíêöi¨ f ′(x) > 0 , òî âîíà çðîñòà¹ íà âñié îáëà-

ñòi âèçíà÷åííÿ.Òåïåð çà äîïîìîãîþ òåîðåìè Áîëüöàíî�Êîøi âèçíà÷èìî ÷è

ôóíêöiÿ ïåðåòèíà¹ âiñü àáñöèñ. Ïiäñòàâèìî, íàïðèêëàä òî÷êè x = 0 òà

x = 1 ó çàäàíå ðiâíÿííÿ.

f(0) = 0 + 0 + 0− 1 = −1,
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f(1) = 1 + 1 + 1− 1 = 2,

Âèäíî, ùî f(0) < 0, a f(1) > 0, îòæå ôóíêöiÿ ïåðåòèíà¹ âiñü àáñöèñ.

Âèïëèâà¹, ùî ôóíêöiÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê ç ïðîìiæêó [0; 1].

Çàäà÷à 3.

Çíàéòè êîðiíü ðiâíÿííÿ

(5x+ 2)(5 +
√

(5x+ 2)2 + 4) + (3x− 7)(5 +
√

(3x− 7)2 + 4) = 0.

Ðîçâ'ÿçàííÿ. Îáëàñòü âèçíà÷åííÿ ðiâíÿííÿ xϵℜ. Ïåðåïèøåìî ðiâíÿ-

ííÿ ó âèãëÿäi

(5x+ 2)(5 +
√
(5x+ 2)2 + 4)− (7− 3x)(5 +

√
(7− 3x)2 + 4) = 0,

i

(5x+ 2)(5 +
√

(5x+ 2)2 + 4) = (7− 3x)(5 +
√

(7− 3x)2 + 4).

Òåïåð ìîæíà ââåñòè çàìiíó:

5x + 2 = t, 7− 3x = z.

Ïiñëÿ çàìiíè ðiâíÿííÿ ìàòèìå âèãëÿä

t(5 +
√
t2 + 4) = z(5 +

√
z2 + 4),

f(t) = f(z).

Îòæå, ìîæåìî ïîçíà÷èòè

f(t) = f(z) = f(u) = u(5 +
√

u2 + 4).
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Çíàéäåìî ïîõiäíó ôóíêöi¨ f(u) i ïðèðiâíÿ¹ìî äî íóëÿ:

f ′(u) = 5 +
√
u2 + 4 +

1

2
√
u2 + 4

· 2u · u = 5 +
√

u2 + 4 +
u2√
u2 + 4

,

5 +
√

u2 + 4 +
u2√
u2 + 4

= 0.

Äàíå ðiâíÿííÿ êîðåíiâ íåìà¹.

Çâiäñè âèäíî, ùî f ′(u) > 0 íà âñié îáëàñòi âèçíà÷åííÿ, îòæå âîíà çðîñòà¹

íà âñié ìíîæèíi ℜ.

Òîäi ðiâíiñòü f(t) = f(z) âèêîíó¹òüñÿ ⇐⇒ t = z. Îòæå,

5x+ 2 = 7− 3x,

8x = 5,

x =
5

8
− ¹äèíèé ðîçâ'ÿçîê.

Îòæå, ðîçâ'ÿçêîì çàäàíîãî ðiâíÿííÿ ¹ x = 5
8

Çàäà÷à 4.

Ðîçâ'ÿçàòè ðiâíÿííÿ

√
x− 4 +

√
12− x = x2 − 16x+ 68.

Ðîçâ'ÿçàííÿ. Îáëàñòü âèçíà÷åííÿ [4; 12].

Ïîçíà÷èìî ôóíêöi¨ f(x) =
√
x− 4 +

√
12− x, g(x) = x2 − 16x + 68.

À òåïåð äîñëiäæó¹ìî ôóíêöi¨ íà åêñòðåìóì. Äëÿ öüîãî çíàéäåìî ïîõiäíó

f(x) òà g(x) i ïðèðiâíÿ¹ìî äî íóëÿ:
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f ′(x) =
1

2
√
x− 4

− 1

2
√
12− x

= 0,

1

2
√
x− 4

=
1

2
√
12− x

,

x ̸= 4 x ̸= 12,

12− x = x− 4, x0 = 8,

g′(x) = 2x− 16 = 0,

x0 = 8.

Êðèòè÷íà òî÷êà x0 = 8 ðîçáèâà¹ îáëàñòü âèçíà÷åííÿ íà äâà iíòåðâàëè

(4; 8)∪ (8; 12).Íà iíòåðâàëi (4; 8) ïîõiäíà ôóíêöi¨ f ′(x) > 0(äîäàòíÿ), îòæå,

âîíà çðîñòà¹.

À íà iíòåðâàëi (8; 12) ïîõiäíà f ′(x) < 0(âiä'¹ìíà), îòæå, ôóíêöiÿ cïàäà¹.

Ïðè÷îìó â òî÷öi x0 = 8 ôóíêöiÿ f(x) ìà¹ ìàêñèìóì.

Ïîõiäíà g′(x) < 0 íà iíòåðâàëi (4; 8). Îòæå ôóíêöiÿ ñïàäà¹.À íà iíòåðâàëi

(8; 12) ïîõiäíà g′(x) > 0. Îòæå ôóíêöiÿ ñïàäà¹. Ïðè÷îìó â òî÷öi x0 = 8

ôóíêöiÿ g(x) ìà¹ ìiíiìóì. Çíàéäåìî çíà÷åííÿ ôóíêöié f(x) òà g(x), â òî÷öi

x0 = 8:

f(8) =
√
8− 4 +

√
12− 8 = 2 + 2 = 4,

g(8) = 82 − 16 · 8 + 68 = 64− 128 + 68 = 4.

Îòæå, â òî÷öi x0 = 8 ôóíêöi¨ f(8) = g(8) = 4, íàáóâàþòü îäíàêîâèõ çíà-

÷åíü.

Çâiäñè x = 4 - ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ.
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Çàäà÷à 5.

Ïðè ÿêèõ çíà÷åííÿõ aϵℜ ìà¹ ðîçâ'ÿçîê ðiâíÿííÿ

√
x− 1 +

√
4− 2x = a

Ðîçâ'ÿçàííÿ Îáëàñòü âèçíà÷åííÿ äàíî¨ ôóíêöi¨ [1; 2].

Ïîçíà÷èìî f(x) =
√
x− 1 +

√
4− 2x. Ôóíêöiÿ f(x) > 0 i íåïåðåðâíà, à íà

iíòåðâàëi [1; 2] äèôåðåíöiéîâàíà.Çíàéäåìî ïîõiäíó ôóíêöi¨ f(x) i ïðèðiâ-

íÿ¹ìî äî íóëÿ:

f ′(x) =
1

2
√
x− 1

− 2

2
√
4− 2x

=

√
4− 2x− 2

√
x− 1

2
√
x− 1

√
4− 2x

= 0

4− 2x = 4x− 4

x =
4

3
− êðèòè÷íà òî÷êà ôóíêöi¨ f(x)

Òî÷êà x = 4
3 ðîçáèâà¹ îáëàñòü âèçíà÷åííÿ íà äâà ïðîìiæêè ìîíîòîííîñòi

(1; 43) ∪ (43 ; 2). Ïîõiäíà ôóíêöi¨ f
′(x) > 0 (äîäàòíÿ) íà ïåðøîìó iíòåðâàëi,

à îòæå ôóíêöiÿ çðîñòà¹ íà (1; 43). À íà iíòåðâàëi (43 ; 2) ïîõiäíà ôóíêöi¨

f ′(x) < 0 (âiä'¹ìíà), îòæå ôóíêöiÿ ñïàäà¹. Çâiäñè â òî÷öi x = 4
3 ôóíêöiÿ

ìà¹ ìàêñèìóì.

f(
4

3
) =

√
4

3
− 1 +

√
4− 2 ∗ 4

3
=

√
1

3
+

√
4

3
=

1√
3
+

2√
3
=

3√
3
=

√
3

À ó òî÷êàõ x = 1 i x = 2 çíà÷åííÿ ôóíêöi¨ äîðiâíþ¹

f(1) =
√
1− 1 +

√
4− 2 ∗ 1 = 0 +

√
2 =

√
2

f(2) =
√
2− 1 +

√
4− 2 ∗ 2 =

√
1 + 0 = 1
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Ôóíêöiÿ f(x) ¹ íåïåðåðâíà íà iíòåðâàëi [1; 2], à îáëàñòü çíà÷åíü äàíî¨ ôóí-

êöi¨ ¹ íà ïðîìiæêó [1;
√
3].

Îòæå äàíå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê òîäi i òiëüêò òîäi, êîëè aϵ[1;
√
3]

Çàäà÷à 6.

Ïðè ÿêèõ çíà÷åííÿõ à ðiâíÿííÿ∣∣∣∣59x− a

∣∣∣∣ = 3x+ 1

x+ 2

ìà¹ ðiâíî äâà ðîçâ'ÿçêè.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî îêðåìî äâi ÷àñòèíè ðiâíÿííÿ.

Ãðàôiê ôóíêöi¨ f(x) =

∣∣∣∣59x− a

∣∣∣∣- öå ñiì'ÿ ãðàôiêiâ, ÿê âèäíî íà Ðèñ 4.1

Ãðàôiê ôóíêöi¨ g(x) = 3x+1
x+2 - öå ãiïåðáîëà, ÿê âèäíî íà Ðèñ 4.2.

Ðèñ. 4.1: Ãðàôiê ôóíêöi¨ f(x) =

∣∣∣∣59x− a

∣∣∣∣
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Ðèñ. 4.2: Ãðàôiê ôóíêöi¨ g(x) = 3x+1
x+2

Òîìó öi äâà ãðàôiêè ôóíêöié ìîæóòü ïåðåòèíàòèñÿ â îäíié òî÷öi, ÿê âèäíî

íà Ðèñ 4.3 (à), òîáòî ¹ îäèí êîðiíü ðiâíÿííÿ.

Íà Ðèñ 4.3 (á),(â) ãðàôiêè ôóíêöié ïåðåòèíàþòüñÿ â äâîõ òî÷êà, òîìó ¹ äâà

êîðåíi.

Íà Ðèñ 4.3 (ã),(ä) ãðàôiêè ôóíêöié ïåðåòèíàþòüñÿ â òðüîõ òî÷êàõ, òîìó i

êîðåíiâ ðiâíÿííÿ ¹ òðè.

À äëÿ òîãî ùîá áóëî ðiâíî äâà ðîçâ'ÿçêè, ïîòðiáíî, ùîá ïðÿìà y = 5
9x− a

äîòèêàëàñÿ äî ãiïåðáîëè g(x) = 3x+1
x+2 , òàê ÿê âèäíî íà Ðèñ 3.3 (á),(â) .
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à) á) â)

ã) ä)

Ðèñ. 4.3: Âèïàäêè ïåðåòèíó äâîõ ôóíêöié.

Çãiäíî ç ãåîìåòðè÷íèì çìiñòîì ôóíêöi¨ f ′(x0) =
5
9 , äå òî÷êà x0- àáñöèñà

òî÷êè äîòèêó. Òîìó, çíàéäåìî ïîõiäíó ôóíêöi¨ g(x) i ïðèðiâíÿ¹ìî ¨¨ äî

ïîõiäíî¨ ôóíêöi¨ f(x).

g′(x) =
3(x+ 2)− 3x− 1

(x+ 2)2
=

5

(x+ 2)2
=

5

9
,

(x+ 2)2 = 9,

x+ 2 = 3, x+ 2 = −3,

x = 1, x = −5.

Ñêëàäåìî ðiâíÿííÿ äâîõ äîòè÷íèõ äî ãðàôiêà ôóíêöi¨ g(x) ó òî÷êàõ x0 = 1

òà x0 = −5.

y = g′(x0)(x− x0) + g(x0).
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y1 =
5

9
(x+ 5) +

−5 ∗ 3 + 1

−5 + 2
=

5

9
x+

25

9
+

14

3
=

5

9
x+

67

9
.

y2 =
5

9
(x− 1) +

3 ∗ 1 + 1

1 + 2
=

5

9
x− 5

9
+

4

3
=

5

9
x+

7

9
.

Çâiäñè âèïëèâà¹, ùî ïðè a = 67
9 i ïðè a = 7

9 çàäàíå ðiâíÿííÿ∣∣∣∣59x− a

∣∣∣∣ = 3x+ 1

x+ 2

ìà¹ ðiâíî äâà ðîçâ'ÿçêè.
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Ðîçäië 5

Çàñòîñóâàííÿ ïîõiäíî¨ äëÿ äîâåäåííÿ

òîòîæíîñòåé

Äî çàäà÷ åëåìåíòàðíî¨ ìàòåìàòèêè âiäíîñÿòüñÿ çàäà÷i íà äîâåäåííÿ òî-

òîæíîñòåé i òîòîæíi ïåðåòâîðåííÿ.

Â äåÿêèõ âèïàäêàõ ïîòðiáíî ñïðîñòèòè çàäàíèé âèðàç i òèì ñàìèì äîâå-

ñòè òîòîæíiñòü. À â iíøèõ âèïàäêàõ òîòîæíi ïåðåòâîðåííÿ âèêîðèñòîâóþòü

ÿê äîäàòêîâèé ñïîñiá ïðè ðîçâ'ÿçóâàííi ðiâíÿíü, íåðiâíîñòåé, äëÿ äîñëiäæå-

ííÿ ôóíêöié òîùî.

Äîâåäåííÿ òîòîæíîñòi áàçó¹òüñÿ íà îçíàöi ñòàëîñòi ôóíêöi¨.

Îçíàêà ñòàëîñòi [3]

ßêùî íà äåÿêîìó iíòåðâàëiïîõiäíà ôóíêöi¨ f ′(x) = 0, òî öÿ ôóíêöiÿ ¹

ñòàëîþ íà öüîìó iíòåðâàëi.

Òîìó äëÿ äîâåäåííÿ òîòîæíîñòi f(x) = g(x) íà ïðîìiæêó (a; b) äîñòà-

òíüî ïåðåâiðèòè, ùî ïîõiäíà f ′(x) = g′(x) íà (a; b) i õî÷a áè â îäíié òî÷öi c
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ïðè a < c < b ñïðàâäæó¹òüñÿ f(c) = g(c) [1].

Çàäà÷à 1.

Äîâåñòè òîòîæíiñòü

(b+ c)3 + (c+ a)3 + (a+ b)3 − 3(b+ c)(c+ a)(a+ b) = 2(a3 + b3 + c3 − 3abc)

Ðîçâ'ÿçàííÿ.

Ïîçíà÷èìî ëiâó i ïðàâó ÷àñòèíó òîòîæíîñòi ÷åðåç ôóíêöi¨:

f(b) = (b+ c)3 + (c+ a)3 + (a+ b)3 − 3(b+ c)(c+ a)(a+ b),

g(b) = 2(a3 + b3 + c3 − 3abc).

äå b-àðãóìåíò,a i c äîâiëüíi ÷èñëà.

Çíàéäåìî ïîõiäíi öèõ ôóíêöié:

f ′(b) = 3(b+ c)2 + 3(a+ b)2 − 3(c+ a)(a+ b+ b+ c) =

= 3b2+6bc+3c2+3a2+6ab+3b2−3ac−6bc−3c2−3a2−6ab−3ac = 6b2−6ac.

g′(b) = 2(3b2 − 3ac) = 6b2 − 6ac.

Ëåíêî ïîìiòèòè, ùî ïîõiäíi ôóíêöié ðiâíi, òîáòî f ′(b) = g′(b).

Îòæå, f(b) = g(b) + C Íåõàé b = 0. Òîäi:

f(0) = c3 + (c+ a)3 + a3 − 3ac(c+ a) =

= c3 + c3 + c2a+ 2ac2 + 2a2c+ a2c+ a3 + a3 − 3ac2 − 3a2c = 2c3 + 2a3.
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Òîáòî f(0) = 2c3 + 2a3,

g(0) = 2(a3 + c3)

Âèõîäèòü ùî f(0) = g(0), à îòæå C = 0. Çâiäñè âèïëèâà¹ âèñíîâîê, ùî

f(b) = g(b).

(b+ c)3 + (c+ a)3 + (a+ b)3 − 3(b+ c)(c+ a)(a+ b) = 2(a3 + b3 + c3 − 3abc).

Çàäà÷à 2.

Äîâåñòè, ùî ïðè x > −1 ñïðàâäæó¹òüñÿ

arctg x+ arctg
1− x

1 + x
=

π

4
.

Ðîçâ'ÿçàííÿ. Ïîçíà÷ó òîòîæíiñòü ôóíêöi¹þ

f(x) = arctg x+ arctg
1− x

1 + x
.

Çíàéäåìî ïîõiäíó ôóíêöi¨ i ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ:

f ′(x) =
1

1 + x2
+

1

1 +
(
1−x
1+x

)2 · −(1 + x)− (1− x)

(1 + x)2
=

1

1 + x2
+

+
(1 + x)2

(1 + x)2 + (1− x)2
·−1− x− 1 + x

(1 + x)2
=

1

1 + x2
− 2

1 + 2x+ x2 + 1− 2x+ x2
=

=
1

1 + x2
− 2

2 + 2x2
=

1

1 + x2
− 1

1 + x2
= 0.

Âiäïîâiäíî äî îçíàêè ñòàëîñòi ôóíêöié f(x) = c, ïðè x > −1. Ïiäñòàâèìî

x = 0 äëÿ çíàõîäæåííÿ çíà÷åííÿ c.

Îòðèìà¹ìî:

f(0) = arctg 0 + arctg
1− 0

1 + 0
= arctg 0 + arctg 1 = 0 +

π

4
=

π

4
.
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Çâiäñè âèïëèâà¹, ùî f(x) = π
4 , îòæå òîòîæíiñòü äîâåäåíà

arctg x+ arctg
1− x

1 + x
=

π

4
.

Çàäà÷à 3.

Äîâåñòè, ùî ïðè x > 0 âèêîíó¹òüñÿ äàíà òîòîæíiñòü

arccos
1√

1 + x2
= arctg x.

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî äàíó òîòîæíiñòü ÷åðåç äâi ôóíêöi¨:

f(x) = arccos 1√
1+x2

, g(x) = arctg x.

Ïåðåâiðèìî ÷è ïîõiäíi öèõ ôóíêöi¨ ñïiâïàäàþòü:

f ′(x) =
−1√

1− 1
1+x2

∗

(
− 1

2
(√

1 + x2
)3 ∗ 2x

)
=

x√
1+x2−1
1+x2 ∗

(√
1 + x2

)3 =

=
x
√
1 + x2

x(
√
1 + x2)3

=
1

1 + x2
.

g′(x) = 1
1

1 + x2
.

Îòæå, ïîõiäíi ôóíêöié ñïiâïàäàþòü, f ′(x) = g′(x).

Òåïåð âiçüìåìî äîâiëüíå ÷èñëî, ÿêå çàäîâiëüíÿ¹ óìîâó çàäà÷i x > 0. Íà-

ïðèêëàä x = 1.

Çíàéäåìî çíà÷åííÿ ôóíêöié â äàíié òî÷öi:

f(1) = arccos
1√
1 + 1

= arccos
1√
2
=

π

4
.

g(1) = arctg 1 =
π

4
.
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Âèïëèâà¹,ùî f(1) = g(1) = π
4 .

Îòæå, äëÿ áóäü ÿêîãî x > 0 âèêîíó¹òüñÿ çàäàíà òîòîæíiñòü

arccos
1√

1 + x2
= arctg x.

Çàäà÷à 4.

Äîâåñòè òîòîæíiñòü

3(sin4 β + cos4 β)− 2(sin6 β + cos6 β) = 1

Ðîçâ'ÿçàííÿ. Ïîçíà÷ó äàíèé âèðàç ÷åðåç ôóíêöiþ:

f(β) = 3(sin4 β + cos4 β)− 2(sin6 β + cos6 β)

, ÿêà íà ìíîæèíi ℜ äèôåðåíöiéîâàíà. Çíàéäåìî ¨¨ ïîõiäíó i ñïðîñòèìî

f ′(β) = 3(4 sin3 β cos β − 4 cos3 β sin β)− 2(6 sin5 β cos β − 6 cos5 β sin β) =

= 3(2 sin2 β sin 2β − 2 cos2 β sin 2β)− 2(3 sin4 β sin 2β − 3 cos4 β sin 2β) =

= 6 sin 2β(sin2 β − cos2 β)− 6 sin 2β(sin4 β − cosβ) = 6 sin 2β(sin2 β−

cos2 β − (sin2 β − cos2 β)(sin2 β + cos2 β) = 6 sin 2β(− cos 2β + cos 2β ∗ 1) =

= 6 sin 2β ∗ 0 = 0

Îòæå äëÿ ∀ β ∈ ℜ, f(β) = a.

Çíàéäåìî a. Äëÿ öüîãî çíàéäåìî çíà÷åííÿ ôóíêöi¨ äëÿ β = 0

f(β) = f(0) = 3(0 + 1)− 2(0 + 1) = 3− 2 = 1

Çâiäñè âèïëèâà¹ ùî ∀ β ∈ ℜ, f(β) = 1, òîáòî

3(sin4 β + cos4 β)− 2(sin6 β + cos6 β) = 1
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Âèñíîâêè

Â ìàãiñòåðñüêié ðîáîòi ñèñòåìàòèçîâàíî ìåòîäè ðîçâ'ÿçóâàííÿ çàäà÷ åëå-

ìåíòàðíî¨ ìàòåìàòèêè çà äîïîìîãîþ ïîõiäíî¨. Öå äà¹ ìîæëèâiñòü çâåðòàòè

óâàãó ó÷íiâ íà íàéáiëüø ðàöiîíàëüíèé, êðàñèâèé ñïîñiá ðîçâ'ÿçàííÿ äàíî¨

çàäà÷i, íà íîâèé åôåêòèâíèé ìàòåìàòè÷íèé àïàðàò. Çîêðåìà, â ðîáîòi ïî-

êàçàíî, ÿê çà äîïîìîãîþ ïîõiäíî¨ åôåêòèâíî ìîæíà ðîçâ'ÿçóâàòè íàñòóïíi

çàäà÷i åëåìåíòàðíî¨ ìàòåìàòèêè: ïîðiâíÿííÿ çíà÷åíü ôóíêöié, äîñëiäæåí-

íÿ âëàñòèâîñòåé ôóíêöié, ïîáóäîâà ¨õ ãðàôiêiâ, äîñëiäæåííÿ i ðîçâ'ÿçàííÿ

ðiâíÿíü, äîâåäåííÿ íåðiâíîñòåé òà òîòîæíîñòåé.

Îòæå, äëÿ ðîçâ'ÿçàííÿ êîæíî¨ çàäà÷i ñïî÷àòêó íåîáõiäíî ïðîàíàëiçó-

âàòè i âèáðàòè âiäïîâiäíèé ìåòîä ðîçâ'ÿçóâàííÿ, ïåðåâiðÿòè óìîâè éîãî

çàñòîñîâíîñòi, à òàêîæ àíàëiçóâàòè îäåðæàíi ðåçóëüòàòè.

Ðåçóëüòàòè ìàãiñòåðñüêî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìî-

æóòü áóòè âèêîðèñòàíi äëÿ ïiäãîòîâêè âèïóñêíèêiâ äî íàöiîíàëüíîãî ìóëü-

òèïðåäìåòíîãî òåñòó, ó äîóíiâåðñèòåòñüêié ïiäãîòîâöi ìîëîäi, ëiöåÿõ, ãiì-

íàçiÿõ òà øêîëàõ ç ïîãëèáëåíèì âèâ÷åííÿì ìàòåìàòèêè.
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