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Let v > —1/2 and (px)ren be a sequence of nonzero complex numbers such that p7 # p2,
for k # m. We prove that if the system {\/ZprJ, (zpx) : k € N} of Bessel functions of the first
kind of index v > —1/2 is exact (i.e. complete and minimal) in the space L?(0;1), then its
biorthogonal system is also exact in L?(0;1).

1. Introduction and main result. A system of elements {un 'n € N} in a separable
Hilbert space H is said to be ezact (|14, 15]) if it is both complete (i.e. Spanf{u, : n € N} = H)
and minimal (i.e. u,, ¢ span{u, : n € N\ {ng}} for each ng € N). For every exact system
{u, : n € N} there exists (|14, p. 28], [15]) a unique biorthogonal system {v,, : m € N} such
that (u,; ) = Omn, where (-;-) is the inner product in H and d,,, is the Kronecker delta.

Let (pr)ren be an arbitrary sequence of distinct nonzero complex numbers. R. Young [15]
proved that if the system of complex exponentials {e”’“”: ke N} is exact in L?(—m; ), then
its biorthogonal system is also exact in L*(—m; ).

Let

o~ (—1)F(z/2) 12 : 0
Jl,z:E , z=x 41y =re"”,
(2) — KT (v 4k +1)

be the Bessel function of the first kind of index v € R. Various approximation properties of
the system

{(VaEpiJ(xpy) : k € N} (1)

were investigated in a number of papers (see, for instance, |2, 5|, [7]-[13]). In particular, in
[9, 10] it is found criteria for the completeness, minimality and basicity of the system (1) in
L*(0;1) if v > —1/2. Those results are formulated in terms of sequences of zeros of functions
from certain classes of entire functions. The purpose of this paper is to prove the following
theorem.

Theorem 1. Let v > —1/2 and (pg)ren be a sequence of nonzero complex numbers such
that pi # p2, for k # m. If the system (1) is exact in L?(0;1), then its biorthogonal system
is also exact in L*(0;1).
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2. Preliminaries. Let v > —1/2 and PW?" be the space of all entire functions f of
exponential type o < 1 satisfying

—+o00
1y = / 22 () de < 4o

o
with the inner product
+0o0

(fi; f2) pwaw = / 22Ty () fo(2) dex.

—00

Lemma 1 ([3]). Let v > —1. Then every function f € L*(0;+00) can be represented in the

form
“+o0

f(z) = VztJ,(zt)h(t) dt

0
with some function h € L*(0;+00). In this case, || f||12(0+00) = ||l 12(0:+00) and
+oo

h(t) = VatJ,(2t) f(2) dz.

0
Lemma 2 (|1, 4]). Let v > —1/2. A function f has the representation

f(z) = /0 1 Va2t J,(2t)h(t) dt

with some function h € L*(0;1) if and only if f € L?(0;4+00) and f(z) = 2*TY/2Q(z), where
() is an even entire function of exponential type o < 1.

To prove our main result we need the following auxiliary statements.

Lemma 3 (|9, 10]). Let v > —1/2 and (pi)ren be a sequence of nonzero complex numbers
such that p} # p2, for k # m. For a system (1) to be incomplete in L?(0;1) it is necessary
and sufficient that a sequence (py)ren Is a subsequence of zeros of some nonzero even entire
function G € PW?",

Lemma 4 (|9, 10]). Let v > —1/2 and (pi)ren be a sequence of nonzero complex numbers
such that pi # p?, for k # m. A necessary and sufficient condition for a system (1) to be
complete and minimal in L*(0;1) is that the sequence (py)rez: {0}, Where p_i == —py,, k € N,
be a sequence of zeros of some even entire function G ¢ PW?" such that

(22 — p])'G(2) € PW?".
Moreover, the functions from biorthogonal system {~ : k € N} are defined by equality
2 oo ot (2t) 2" Y26 (2)

W)= ——5m——
oG (pr) Jo 2= pi

dz, te(0,1).

Besides, we have
221/+1/2G(Z)
V—1/2G/ 2 _ 2 ’
pn (Pn)(z* = 7)

/ 1 Vizd, (t2) () dt = neN,

and

2G(z)
o PG (or) (22 — p2)

H'Yk(t)HH(o;l) -

PW2v
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Remark 1. Let P,(z) = 27"J,(z) and (px)ren is a sequence of positive zeros of J,. Then,
by Lemma 4, the system {~(¢; P,) : k € N}, where

2 oo 2t (2) 2" Y2 P, (2)
pi PRy pr) Jo = =7
is a biorthogonal system for the system {\/ﬁjy(tﬁk) :keN } Besides, we have

Pk 12 V2
o
o= (B 2al)

N t/)k
k€ N}
e
forms an orthonormal basis in L?(0;1) (see [5 7, 8, 13]) and thus each function ¢ € L?(0;1)
expanded into a convergent in L?*(0; 1) series:

ZkﬁJ tﬂk.

keN

Ye(t; P)) :== dz,

J(k;v) = H D (t5r,)

the system

In this case, (here and so on by ¢; we denote positive constants) 1/c; < J(k;v) < ¢ (7)),

ak:/o ﬂﬁ%dt:g](k;y)/o q()v(t; P,) dt, Z|ak|2<+oo,

2ZV+1/2PV(Z)
o PP () (22 — 72

/ L EE) dt =

2.7 (k: )Py (2)
oy PP (o) (22 — )

Lemma 5. Let v > —1/2 and (px)ren be a sequence of nonzero complex numbers such that
pr # pa, for k # m. If the sequence (pi)rez\joy, Where p_j, := —py, k € N, is a sequence
of zeros of some even entire function G satisfying (2* — p?)"'G(z) € PW?>¥, then for any
2 =x + iy = re’ holds

[2H12G(2)] < cpel ™A (1 4 [T 2) 721+ |2f2).
Proof. Since (|5, 13])

=1
PW2v

|\/tp iy (tok)

J(k;v) nyk(t; P,)

12(0:1) L2(051)

| Im z| ‘Z‘ v
|\/EJV(2)| S C3€ PR 9 z € Ca

1+ |z

by Lemmas 1 and 2, for all z = = + iy = re? we get

/0 1 vzt J,(zt)h(t) dt' <

1 1/2 1 1/2
s(/ |h<t)!2dt) </ |\/Ejy(zt>|2dt) < e ||hll 2oy €L+ [ Tm 2]) 72,
0 0

This yields the required estimate. Lemma 5 is proved. O

22— )G ()] =
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3. Proof of Theorem 1. Suppose that the biorthogonal system {~vx(t) : k¥ € N} is not
complete in L?(0;1) and that, for example, p; # pp for all k& € N. Then, according to
Hahn-Banach theorem ([6, p. 131]), there exists a nonzero function ¢ € L?(0;1) such that

for all n € N. In view of Remark 1, we obtain

- /0 (00 it = 30 S / I (P di =

1 Qg 2pk+1/2G(pk)

= , neN,
o PG (p) S IR v) D = o
whence
Z - 2W+1/2G<pk) =0, neN
eN k l/ pk pn ’
In the case p2 = p2 we assume that
200G ()
G (pn)(Pk = P7)
Let
e ﬁ(z)—z2akﬁl;+/ G(p) )Pz/()
poare J(k;v)  pE— 22
Th
Plo) = Plon) 3 ~0, neN 2)

2 G — ) (k)
Further, let

A St QR “G( Vo Py)
Pi pr?(k;v) ’
and
Ch 252G ()
dp, = -, b= a
B (P — p1)J (k;v)
Furthermore,

- ~w4+1/2 e~ N =1/2 5y~ .
Ble) = 3 ULk Gpr)pe "By (or) 20 (k;v)Py(2)

J2(ksv) PPk (7 — 22)
1 2J(k;v)P,(2) piz?
— . —
2 keN /A)Z_I/QP/( ) '5?6 — 22
1 2J(k;v)P, 0222 2J(k;v)

) %k, (/ ),()<gk[ﬁ€ 7 T F >+Z w1/2 ,():
Z hen pk ﬁkP (Pr) \Pr =% keN Bi P, (pr)
2J(k;v) P,z
(= =pD ) _d = (2) )b

keN 1/2P/( k) P — Z2 keN
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Since (see [7, 8, 13])

7(2)) = —2 " (2), | ()] = O, %)

and, by Lemma 5, |,BZ+1/2G(ﬁk)| < co(1+ p?), then

P (pr) = —=pp" Jus1(Pr),
oy o PG ()BT P

/i~ ~1 ~
P Pu(pk>| < G50 JQ(I{Z, V) < CgPk,
and
Z |Ck|2 < 400, Z |dk|2 < 400, Z |br| < +o0.
keN keN keN

Moreover, since the system {J(k;v)v.(t; B,) : k € N} forms an orthonormal basis in L?(0; 1)
(see Remark 1) and by Lemmas 1 and 2

/+°° 222 ] (nyv)P,(2) 2 tY22](k;v)P,(2) p
Z =
o o PG = 2) B PR (22 — 72)

1
_ / T ) (E B (s )t P) dt = G,
0

2J(k;v)P,(z

TSV,
o P(pk) (22 — i)

is an orthonormal basis of the space PW?2¥. Therefore, the function

n(z) = Zd 2J(k;v)  P,(z)

k12 5~ 2 _ .2
keN Pk /P;(Pk)pk <

the system

belongs to PW?2¥. The function

n(:) = 545 S

1 keN

also belongs to the space PW?2". Hence, the function (22 — p2)~'P(z) belongs to PW2¥
and, taking into account (2), the sequence (pi) is a subsequence of zeros of the function P.
This, according to Lemma 3, contradicts to the completeness of the system (1). Theorem 1
is proved.

Remark 2. Let f € L?(0;1), the system (1) is exact in L?(0;1) and

alf) = [ VicLn)uld, ke

From Theorem 1 it follows that f = 0 if all a;(f) = 0. Therefore, the function f € L?(0;1)
can be restored by the numbers ax(f). This is very important for finding methods for the
reconstruction of f by ax(f) and, in particular, the summation methods of the series

F@) ~ > ar(F)vEped, (zp).

keN
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