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Let ν ≥ −1/2 and (ρk)k∈N be a sequence of nonzero complex numbers such that ρ2k ̸= ρ2m
for k ̸= m. We prove that if the system

{√
xρkJν(xρk) : k ∈ N

}
of Bessel functions of the first

kind of index ν ≥ −1/2 is exact (i.e. complete and minimal) in the space L2(0; 1), then its
biorthogonal system is also exact in L2(0; 1).

1. Introduction and main result. A system of elements
{
un : n ∈ N

}
in a separable

Hilbert space H is said to be exact ([14, 15]) if it is both complete (i.e. span
{
un : n ∈ N

}
= H)

and minimal (i.e. un0 /∈ span
{
un : n ∈ N \ {n0}

}
for each n0 ∈ N). For every exact system{

un : n ∈ N
}

there exists ([14, p. 28], [15]) a unique biorthogonal system
{
vm : m ∈ N

}
such

that ⟨un; vm⟩ = δmn, where ⟨·; ·⟩ is the inner product in H and δmn is the Kronecker delta.
Let (ρk)k∈N be an arbitrary sequence of distinct nonzero complex numbers. R. Young [15]

proved that if the system of complex exponentials
{
eiρkx : k ∈ N

}
is exact in L2(−π;π), then

its biorthogonal system is also exact in L2(−π;π).
Let

Jν(z) =
∞∑
k=0

(−1)k(z/2)ν+2k

k!Γ(ν + k + 1)
, z = x+ iy = reiθ,

be the Bessel function of the first kind of index ν ∈ R. Various approximation properties of
the system {√

xρkJν(xρk) : k ∈ N
}

(1)

were investigated in a number of papers (see, for instance, [2, 5], [7]–[13]). In particular, in
[9, 10] it is found criteria for the completeness, minimality and basicity of the system (1) in
L2(0; 1) if ν ≥ −1/2. Those results are formulated in terms of sequences of zeros of functions
from certain classes of entire functions. The purpose of this paper is to prove the following
theorem.

Theorem 1. Let ν ≥ −1/2 and (ρk)k∈N be a sequence of nonzero complex numbers such
that ρ2k ̸= ρ2m for k ̸= m. If the system (1) is exact in L2(0; 1), then its biorthogonal system
is also exact in L2(0; 1).
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2. Preliminaries. Let ν ≥ −1/2 and PW 2,ν be the space of all entire functions f of
exponential type σ ≤ 1 satisfying

∥f∥2PW 2,ν :=

∫ +∞

−∞
|x|2ν+1|f(x)|2 dx < +∞

with the inner product

⟨f1; f2⟩PW 2,ν =

∫ +∞

−∞
|x|2ν+1f1(x)f2(x) dx.

Lemma 1 ([3]). Let ν > −1. Then every function f ∈ L2(0;+∞) can be represented in the
form

f(z) =

∫ +∞

0

√
ztJν(zt)h(t) dt

with some function h ∈ L2(0;+∞). In this case, ∥f∥L2(0;+∞) = ∥h∥L2(0;+∞) and

h(t) =

∫ +∞

0

√
ztJν(zt)f(z) dz.

Lemma 2 ([1, 4]). Let ν ≥ −1/2. A function f has the representation

f(z) =

∫ 1

0

√
ztJν(zt)h(t) dt

with some function h ∈ L2(0; 1) if and only if f ∈ L2(0;+∞) and f(z) = zν+1/2Q(z), where
Q is an even entire function of exponential type σ ≤ 1.

To prove our main result we need the following auxiliary statements.

Lemma 3 ([9, 10]). Let ν ≥ −1/2 and (ρk)k∈N be a sequence of nonzero complex numbers
such that ρ2k ̸= ρ2m for k ̸= m. For a system (1) to be incomplete in L2(0; 1) it is necessary
and sufficient that a sequence (ρk)k∈N is a subsequence of zeros of some nonzero even entire
function G ∈ PW 2,ν .

Lemma 4 ([9, 10]). Let ν ≥ −1/2 and (ρk)k∈N be a sequence of nonzero complex numbers
such that ρ2k ̸= ρ2m for k ̸= m. A necessary and sufficient condition for a system (1) to be
complete and minimal in L2(0; 1) is that the sequence (ρk)k∈Z\{0}, where ρ−k := −ρk, k ∈ N,
be a sequence of zeros of some even entire function G /∈ PW 2,ν such that

(z2 − ρ21)
−1G(z) ∈ PW 2,ν .

Moreover, the functions from biorthogonal system {γk : k ∈ N} are defined by equality

γk(t) =
2

ρ
ν−1/2
k G′(ρk)

∫ +∞

0

√
ztJν(zt)z

ν+1/2G(z)

z2 − ρ2k
dz, t ∈ (0, 1).

Besides, we have ∫ 1

0

√
tzJν(tz)γn(t) dt =

2zν+1/2G(z)

ρ
ν−1/2
n G′(ρn)(z2 − ρ2n)

, n ∈ N,

and

∥γk(t)∥L2(0;1) =

∥∥∥∥∥ 2G(z)

ρ
ν−1/2
k G′(ρk)(z2 − ρ2k)

∥∥∥∥∥
PW 2,ν

.
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Remark 1. Let Pν(z) = z−νJν(z) and (ρ̃k)k∈N is a sequence of positive zeros of Jν . Then,
by Lemma 4, the system {γk(t;Pν) : k ∈ N}, where

γk(t;Pν) :=
2

ρ̃
ν−1/2
k P ′

ν(ρ̃k)

∫ +∞

0

√
ztJν(zt)z

ν+1/2Pν(z)

z2 − ρ̃2k
dz,

is a biorthogonal system for the system
{√

tρ̃kJν(tρ̃k) : k ∈ N
}
. Besides, we have

J(k; ν) :=
∥∥∥√tρ̃kJν(tρ̃k)

∥∥∥
L2(0;1)

=

(
ρ̃k
2
J2
ν+1(ρ̃k)

)1/2

,

the system {√
tρ̃kJν(tρ̃k)

J(k; ν)
: k ∈ N

}
forms an orthonormal basis in L2(0; 1) (see [5, 7, 8, 13]) and thus each function q ∈ L2(0; 1)
expanded into a convergent in L2(0; 1) series:

q(t) =
∑
k∈N

ak

√
tρ̃kJν(tρ̃k)

J(k; ν)
.

In this case, (here and so on by cj we denote positive constants) 1/c1 ≤ J(k; ν) ≤ c1 ([7]),

ak =

∫ 1

0

q(t)

√
tρ̃kJν(tρ̃k)

J(k; ν)
dt = J(k; ν)

∫ 1

0

q(t)γk(t;Pν) dt,
∑
k∈N

|ak|2 < +∞,

∫ 1

0

√
tzJν(tz)γk(t;Pν) dt =

2zν+1/2Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)(z
2 − ρ̃2k)

,

and∥∥∥∥∥
√
tρ̃kJν(tρ̃k)

J(k; ν)

∥∥∥∥∥
L2(0;1)

= J(k; ν)
∥∥∥γk(t;Pν)

∥∥∥
L2(0;1)

=

∥∥∥∥∥ 2J(k; ν)Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)(z
2 − ρ̃2k)

∥∥∥∥∥
PW 2,ν

= 1.

Lemma 5. Let ν ≥ −1/2 and (ρk)k∈N be a sequence of nonzero complex numbers such that
ρ2k ̸= ρ2m for k ̸= m. If the sequence (ρk)k∈Z\{0}, where ρ−k := −ρk, k ∈ N, is a sequence
of zeros of some even entire function G satisfying (z2 − ρ21)

−1G(z) ∈ PW 2,ν , then for any
z = x+ iy = reiθ holds

|zν+1/2G(z)| ≤ c2e
| Im z|(1 + | Im z|)−1/2(1 + |z|2).

Proof. Since ([5, 13])

|
√
zJν(z)| ≤ c3e

| Im z|
(

|z|
1 + |z|

)ν+1/2

, z ∈ C,

by Lemmas 1 and 2, for all z = x+ iy = reiθ we get

|zν+1/2(z2 − ρ21)
−1G(z)| =

∣∣∣∣∫ 1

0

√
ztJν(zt)h(t) dt

∣∣∣∣ ≤
≤

(∫ 1

0

|h(t)|2 dt
)1/2 (∫ 1

0

|
√
ztJν(zt)|2 dt

)1/2

≤ c4 ∥h∥L2(0;1) e
| Im z|(1 + | Im z|)−1/2.

This yields the required estimate. Lemma 5 is proved.
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3. Proof of Theorem 1. Suppose that the biorthogonal system {γk(t) : k ∈ N} is not
complete in L2(0; 1) and that, for example, ρ1 ̸= ρ̃k for all k ∈ N. Then, according to
Hahn-Banach theorem ([6, p. 131]), there exists a nonzero function q ∈ L2(0; 1) such that∫ 1

0

q(t)γn(t) dt = 0

for all n ∈ N. In view of Remark 1, we obtain

0 =

∫ 1

0

q(t)γn(t) dt =
∑
k∈N

ak
J(k; ν)

∫ 1

0

√
tρ̃kJν(tρ̃k)γn(t) dt =

=
1

ρ
ν−1/2
n G′(ρn)

∑
k∈N

ak
J(k; ν)

2ρ̃
ν+1/2
k G(ρ̃k)

ρ̃2k − ρ2n
, n ∈ N,

whence ∑
k∈N

ak
J(k; ν)

2ρ̃
ν+1/2
k G(ρ̃k)

ρ̃2k − ρ2n
= 0, n ∈ N.

In the case ρ̃2k = ρ2n we assume that

2ρ̃kG(ρ̃k)

G′(ρn)(ρ̃2k − ρ2n)
= 1.

Let

P̃ (z) =
∑
k∈N

2akρ̃
ν+1/2
k G(ρ̃k)

J(k; ν)

Pν(z)

ρ̃2k − z2
.

Then

P̃ (ρn) = Pν(ρn)
∑
k∈N

2akρ̃
ν+1/2
k G(ρ̃k)

(ρ̃2k − ρ2n)J(k; ν)
= 0, n ∈ N. (2)

Further, let

βk =
ρ̃2k − ρ21

ρ̃2k
, ck = ak

ρ̃
ν+1/2
k G(ρ̃k)ρ̃

ν−1/2
k P ′

ν(ρ̃k)

ρ̃2kJ
2(k; ν)

,

and

dk =
ck
βk

, bk = ak
2ρ̃

ν+1/2
k G(ρ̃k)

(ρ̃2k − ρ21)J(k; ν)
.

Furthermore,

P̃ (z) =
∑
k∈N

akρ̃
ν+1/2
k G(ρ̃k)ρ̃

ν−1/2
k P ′

ν(ρ̃k)

J2(k; ν)

2J(k; ν)Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)(ρ̃
2
k − z2)

=

=
1

z2

∑
k∈N

ck
2J(k; ν)Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)

ρ̃2kz
2

ρ̃2k − z2
=

=
1

z2

∑
k∈N

ck
2J(k; ν)Pν(z)

ρ̃
ν−1/2
k βkP ′

ν(ρ̃k)

(
βkρ̃

2
kz

2

ρ̃2k − z2
− z2

)
+
∑
k∈N

ck
2J(k; ν)Pν(z)

ρ̃
ν−1/2
k βkP ′

ν(ρ̃k)
=

= (z2 − ρ21)
∑
k∈N

dk
2J(k; ν)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)

Pν(z)

ρ̃2k − z2
+ Pν(z)

∑
k∈N

bk.
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Since (see [7, 8, 13])

(z−νJν(z))
′ = −z−νJν+1(z), |Jν+1(ρ̃k)| = O(ρ̃

−1/2
k )

and, by Lemma 5, |ρ̃ν+1/2
k G(ρ̃k)| ≤ c2(1 + ρ̃2k), then

P ′
ν(ρ̃k) = −ρ̃−ν

k Jν+1(ρ̃k),

|ρ̃ν−1/2
k P ′

ν(ρ̃k)| ≤ c5ρ̃
−1
k ,

∣∣∣∣∣ ρ̃ν+1/2
k G(ρ̃k)ρ̃

ν−1/2
k P ′

ν(ρ̃k)

J2(k; ν)

∣∣∣∣∣ ≤ c6ρ̃k,

and ∑
k∈N

|ck|2 < +∞,
∑
k∈N

|dk|2 < +∞,
∑
k∈N

|bk| < +∞.

Moreover, since the system {J(k; ν)γk(t;Pν) : k ∈ N} forms an orthonormal basis in L2(0; 1)
(see Remark 1) and by Lemmas 1 and 2∫ +∞

0

zν+1/22J(n; ν)Pν(z)

ρ̃
ν−1/2
n P ′

ν(ρ̃n)(z
2 − ρ̃2n)

zν+1/22J(k; ν)Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)(z
2 − ρ̃2k)

dz =

=

∫ 1

0

J(n; ν)γn(t;Pν)J(k; ν)γk(t;Pν) dt = δkn,

the system {
2J(k; ν)Pν(z)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)(z
2 − ρ̃2k)

: k ∈ N

}
is an orthonormal basis of the space PW 2,ν . Therefore, the function

g1(z) =
∑
k∈N

dk
2J(k; ν)

ρ̃
ν−1/2
k P ′

ν(ρ̃k)

Pν(z)

ρ̃2k − z2

belongs to PW 2,ν . The function

g2(z) =
Pν(z)

z2 − ρ21

∑
k∈N

bk

also belongs to the space PW 2,ν . Hence, the function (z2 − ρ21)
−1P̃ (z) belongs to PW 2,ν

and, taking into account (2), the sequence (ρk) is a subsequence of zeros of the function P̃ .
This, according to Lemma 3, contradicts to the completeness of the system (1). Theorem 1
is proved.

Remark 2. Let f ∈ L2(0; 1), the system (1) is exact in L2(0; 1) and

ak(f) :=

∫ 1

0

√
tρkJν(tρk)γk(t) dt, k ∈ N.

From Theorem 1 it follows that f ≡ 0 if all ak(f) = 0. Therefore, the function f ∈ L2(0; 1)
can be restored by the numbers ak(f). This is very important for finding methods for the
reconstruction of f by ak(f) and, in particular, the summation methods of the series

f(x) ∼
∑
k∈N

ak(f)
√
xρkJν(xρk).
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