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Исследуются аппроксимационные свойства систем функций Бесселя с индексом −3/2.

Let L2((0; 1);x2dx) be the space of functions f : (0; 1) → C such that tf(t) ∈ L2(0; 1)

with the inner product ⟨f1; f2⟩ =
∫ 1

0
t2f1(t)f2(t) dt and the norm ∥f∥ =

√∫ 1

0
t2|f(t)|2 dt.

Let Jν(x) =
∑∞

k=0

(−1)k(x/2)ν+2k

k!Γ(ν + k + 1)
be Bessel’s function of the first kind of index ν. It is well

known (see, for instance, [1–3]) that the function Jν is a solution of the equation y′′+ y′/x+
(1−ν2/x2)y = 0, the function y(x) = Jν(xs) is a solution of the equation y′′+y′/x−yν2/x2 =
−s2y, and the function y(x) =

√
xsJν(xs) satisfies the equation

y′′ − ν2 − 1/4

x2
y = −s2y. (1)

The function J−3/2 has [1–3] an infinite set (sk : k ∈ Z\{0}) of zeros, among them s1 and
s−1 = s1 = −s1 are two purely imaginary zeros, positive zeros sk, k ∈ N \ {1}, and negative

zeros s−k:=− sk, k ∈ N \ {1}. Moreover, [1–3],
√
zJ−3/2(z) = −

√
2

π
z−1(cos z + z sin z). The

function s
√
xsJ−3/2(xs) belongs to the space L2((0; 1);x2dx) for every s ∈ C.

The problem of completeness of the system (
√
xskJν(xsk) : k ∈ N) for ν /∈ Z, ν < 0,

were studied by R. Boas, H. Pollard, O. Shavala, B. Vynnyts’kyi, V. Dilnyi (see [4–8]) and
numerous other mathematicians. When studying a boundary value problem [5–7] generated
by equation (1), in [5] the following statement was proved.

Theorem A. Let (sk : k ∈ Z\{0}), s−k = −sk, be a sequence of zeros of the function J−3/2.
Then the system (sk

√
xskJ−3/2(xsk) : k ∈ N) is complete in the space L2((0; 1);x2dx). The

system (sk
√
xskJ−3/2(xsk) : k ∈ N\{1}) is complete, minimal and is not a basis in the space

L2((0; 1);x2dx). There exists a biorthogonal system (gk : k ∈ N \ {1}) in this space which is
formed by the functions gk, defined by the formula

gk(t) =
π(1 + s2k)

s4kt
2

(sk
√
tskJ−3/2(tsk)− s1

√
ts1J−3/2(ts1)).
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Define for the function f ∈ L2((0; 1);x2dx) the numbers dk by the equality

dk =

∫ 1

0

t2f(t)gk(t) dt.

Since a system (sk
√
xskJ−3/2(xsk) : k ∈ N \ {1}) is not a basis of the space L2((0; 1);x2dx),

not for each function f ∈ L2((0; 1);x2dx) the series
∑

k∈N\{1} dksk
√
xskJ−3/2(xsk) converges

in L2((0; 1);x2dx) to the function f . The question of restoration possibility of the function
f ∈ L2((0; 1);x2dx) behind numbers dk remained open. We give a positive answer to this
question (see also [9]), proving the completeness of the system (gk : k ∈ N \ {1}).

Let (sk : k ∈ N) be an arbitrary sequence of nonzero complex numbers. First, we investi-
gate an approximation properties of the system (Uk : k ∈ N \ {1}), where

Uk(x) =
sk
√
xskJ−3/2(xsk)− s1

√
xs1J−3/2(xs1)

x2(s21 − s2k)
.

We say that, an entire function G is of formal exponential type σ ∈ (0;+∞) if
|G(z)| ≤ c(ε) exp((σ + ε)|z|), z ∈ C,

for each ε > 0 and some constant c(ε). Denote by PW 2
σ the set of all entire functions of

formal exponential type σ ∈ (0;+∞) belonging to the space L2(R) on the real axis R in
C, and by PW 2

σ,+ we denote the class of even entire functions from PW 2
σ . According to

the Paley-Wiener theorem [10–14], the class PW 2
σ coincides with the class of functions G

admitting the representation

G(z) =

∫ σ

−σ

eitzg(t) dt, g ∈ L2(−σ;σ),

and the class PW 2
σ,+ consists of the functions G representing in the form

G(z) =

∫ σ

0

cos(tz)g(t) dt, g ∈ L2(0;σ).

Moreover, ∥g∥L2(0;σ) =
√

2/π∥G∥L2(0;+∞) and

g(t) =
2

π

∫ +∞

0

cos(tz)G(z) dz.

Theorem 1. Suppose that s1 is an arbitrary complex number. An entire function Q can be
represented in the form

Q(z) =

∫ 1

0

(z
√
tzJ−3/2(tz)− s1

√
ts1J−3/2(ts1))h(t) dt, h ∈ L2((0; 1);x2dx), (2)

if and only if Q is an even entire function, Q(s1) = 0, Q′(0) = 0 and the function Q′(z)/z
belongs to the space PW 2

1,+. If these conditions hold then

h(t) = −
√

2

π

∫ +∞

0

Q′(z)

tz
cos(tz) dz.

Proof. Let the function Q is representable in the form (2). Since

z
√
tzJ−3/2(tz) = −

√
2

π

cos(tz) + tz sin(tz)

t
,

we obtain that Q(z) = −
√

2

π

∫ 1

0

(cos(tz) + tz sin(tz))− (cos(ts1) + ts1 sin(ts1))

t
h(t) dt.

Therefore, Q is an even entire function, Q(s1) = 0 and
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Q′(z) = −
√

2

π

∫ 1

0

tz cos(tz)h(t) dt,
Q′(z)

z
= −

√
2

π

∫ 1

0

cos(tz)q(t) dt,

where q(t) = th(t). Since h ∈ L2((0; 1);x2dx), then q ∈ L2(0; 1) and, hence, according to
Paley-Wiener theorem, the function Q′(z)/z belongs to the space PW 2

1,+. Conversely, if all
the conditions of the theorem hold then the function q(t) = −

√
2/π

∫ +∞
0

Q′(z)
z

cos(tz) dz

belongs to the space L2(0; 1) and Q′(z) = −
√

2

π

∫ 1

0

z cos(tz)q(t) dt.

Using Fubini’s theorem, we get

Q(z) = Q(z)−Q(s1) = −
√

2

π

∫ 1

0

q(t) dt

∫ z

s1

w cos(tw) dw =

= −
√

2

π

∫ 1

0

(cos(tz) + tz sin(tz))− (cos(ts1) + ts1 sin(ts1))

t

q(t)

t
dt =

=

∫ 1

0

(z
√
tzJ−3/2(tz)− s1

√
ts1J−3/2(ts1))h(t) dt,

where h(t) = q(t)/t. Since q ∈ L2(0; 1), one has that h ∈ L2((0; 1);x2dx), and the proof of
the theorem is completed.

Let Ẽ2,+(s1) be the class of the entire functions Q that can be represented in the form
(2), and let E2,+(s1) be the class of nonzero even entire functions Q such that Q(s1) = 0,
Q′(0) = 0 and the function Q′(z)/z belongs to the space PW 2

1,+.

Corollary 1. Ẽ2,+(s1) = E2,+(s1) for every s1 ∈ C.

Corollary 2. The class E2,+(s1) coincides with the set of the entire functions Q that can
be represented in the form

Q(z) =

√
2

π

∫ 1

0

(cos(tz) + tz sin(tz))− (cos(ts1) + ts1 sin(ts1))

t2
q(t) dt, q ∈ L2(0; 1). (3)

Example 1. The function Q(z) = cos z belongs to E2,+(s1) if s1 = πk + π/2, k ∈ Z.

Example 2. The function Q(z) = cos z+ z sin z does not belong to E2,+(s1) for any s1 ∈ C.

Example 3. The function Q(z) =
cos z + z sin z

z2 − s22
belongs to E2,+(s1), if the numbers s1 ∈ C

and s2 ∈ C are distinct zeros of the function D(z) = cos z + z sin z.

Theorem 2. Let (sk : k ∈ N) be an arbitrary sequence of distinct nonzero complex numbers
such that s2k ̸= s2n if k ̸= n. For a system (Uk : k ∈ N \ {1}) to be incomplete in the space
L2((0; 1);x2dx) it is necessary and sufficient that a sequence (sk : k ∈ Z \ {0}), s−k:=− sk is
a subsequence of zeros of some nonzero function Q ∈ E2,+(s1).

Proof. Incompleteness of a system (Uk : k ∈ N \ {1}) is equivalent to the incompleteness of
the system ((s21 − s2k)Uk : k ∈ N \ {1}). According to the well-known completeness criterion,
the last system is incomplete in the space L2((0; 1);x2dx) if and only if there exists a nonzero
function h ∈ L2((0; 1);x2dx) such that∫ 1

0

(sk
√
xskJ−3/2(xsk)− s1

√
xs1J−3/2(xs1))h(x) dx = 0

for all k ∈ N \ {1}. Hence, taking into account the previous theorem, we obtain the required
proposition. Theorem 2 is proved.
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Lemma 1. Let s1 ∈ C be an arbitrary number, q ∈ L2(0; 1) and

I1(z) =

√
2

π

∫ 1
2

0

t(z − s1) sin(tz)

t2
q(t) dt, I2(z) = 2

√
2

π

∫ 1
2

0

ts1 sin
t(z−s1)

2
cos t(z+s1)

2

t2
q(t) dt,

I3(z) = −2

√
2

π

∫ 1
2

0

sin t(z−s1)
2

sin t(z+s1)
2

t2
q(t) dt.

Then (here and so on by C1, C2, . . . we denote arbitrary positive constants) for z ∈ C

|I1(z)| ≤ C1(1 + |z|)
( e| Im z|

1 + | Im z|
+ |Re z|

) 1
2
, |I2(z)| ≤ C2

( e| Im z|

1 + | Im z|
+ e| Im z|/2|Re z|

) 1
2
,

|I3(z)| ≤ C3

((
e| Im z|/2 + (Re z)2

)( e| Im z|/2

1 + | Im z|
+ (Re z)2

)) 1
2
.

Proof. Since | sin tz| = (sh2(t Im z) + sin2(tRe z))1/2, using Schwartz’s inequality, we get

|I1(z)| ≤ C1(1 + |z|)∥q∥
(∫ 1

2

0

sh2(t Im z) + sin2(tRe z)

t2
dt
) 1

2 ≤

≤ C2(1 + |z|)
(∫ 1

2

0

sh2(t Im z)

t2
dt+

∫ 1
2

0

sin2(tRe z)

t2
dt
) 1

2 ≤

≤ C2(1 + |z|)
(
| Im z|

∫ | Im z|/2

0

sh2 τ

τ 2
dτ + |Re z|

∫ |Re z|/2

0

sin2 τ

τ 2
dτ

) 1
2 ≤

≤ C3(1 + |z|)
(
| Im z|

∫ | Im z|/2

0

sh2 τ

τ 2
dτ + |Re z|

) 1
2 ≤ C4(1 + |z|)

( e| Im z|

1 + | Im z|
+ |Re z|

) 1
2

for z ∈ C, whence it follows the first inequality of the lemma. Analogously, for z ∈ C

|I2(z)| ≤ C5∥q∥
(∫ 1

2

0

∣∣∣sin t(z−s1)
2

∣∣∣2∣∣∣cos t(z+s1)
2

∣∣∣2
t2

dt
) 1

2 ≤ C6

(
e| Im z|/2

∫ 1
2

0

∣∣∣sin t(z−s1)
2

∣∣∣2
t2

dt
) 1

2 ≤

≤ C6

(
e| Im z|/2

∫ 1
2

0

sh2
(
t Im z−s1

2

)
+ sin2

(
tRe z−s1

2

)
t2

dt
) 1

2 ≤

≤ C7

(
e| Im z|/2

( e| Im z|/2

1 + | Im z|
+ |Re z|

)) 1
2
,

and the second inequality of the lemma is proved. Finally, since sh2(t Im z) ≤ t2 sh2(| Im z|)
and

∣∣∣sinRe t(z−s1)
2

∣∣∣ ≤ ∣∣∣Re t(z−s1)
2

∣∣∣ for any z ∈ C and t ∈ R, we obtain

|I3(z)| ≤ C8∥q∥
(∫ 1

2

0

∣∣∣sin t(z−s1)
2

∣∣∣2∣∣∣sin t(z+s1)
2

∣∣∣2
t4

dt
) 1

2 ≤

≤ C9

(∫ 1
2

0

(
sh2

(
t
∣∣∣Im z−s1

2

∣∣∣)+ sin2
(
tRe z−s1

2

))(
sh2

(
t
∣∣∣Im z+s1

2

∣∣∣)+ sin2
(
tRe z+s1

2

))
t4

dt
) 1

2 ≤

≤ C10

(∫ 1
2

0

(
t2 sh2

(∣∣∣Im z−s1
2

∣∣∣)+
(
tRe z−s1

2

)2)(
sh2

(
t
∣∣∣Im z+s1

2

∣∣∣)+ sin2
(
tRe z+s1

2

))
t4

dt
) 1

2 ≤

≤ C10

((
sh2

(∣∣∣Im z − s1
2

∣∣∣)+
(
Re

z − s1
2

)2)∫ 1
2

0

(sh2
(
t
∣∣∣Im z+s1

2

∣∣∣)
t2

+
(
Re

z + s1
2

)2)
dt
) 1

2 ≤

≤ C11

((
e| Im z|/2 + (Re z)2

)( e| Im z|/2

1 + | Im z|
+ (Re z)2

)) 1
2
, z ∈ C.
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Lemma 1 is proved.

Lemma 2. Let s1 ∈ C be an arbitrary number and let an entire function Q ∈ E2,+(s1) be
defined by formula (3). Then for all z ∈ C, we have

|Q(z)| ≤ C1(1 + |z|)
( e| Im z|

1 + | Im z|
+ |Re z|

) 1
2
+ C2

( e| Im z|

1 + | Im z|
+ e| Im z|/2|Re z|

) 1
2
+

+C3

((
e| Im z|/2 + (Re z)2

)( e| Im z|/2

1 + | Im z|
+ (Re z)2

)) 1
2
+ C4(1 + |z|) e| Im z|√

1 + | Im z|
+ C5.

Proof. Indeed, let I4(z) =

√
2

π

∫ 1

1
2

q(t)

t2
cos(tz) dt, I5(z) =

√
2

π

∫ 1

1
2

q(t)

t
sin(tz) dt,

I6(z) = −
√

2

π

∫ 1

1
2

cos(ts1) + ts1 sin(ts1)

t2
q(t) dt.

Then Q(z) = I1(z) + I2(z) + I3(z) + I4(z) + zI5(z) + I6(z). According to the Paley-Wiener
theorem, the functions I4(z) and I5(z) belong to the space PW 2

1 ,

I4(z) =

√
2

π

∫ 1

1
2

eitz
q(t)

2t2
dt+

√
2

π

∫ − 1
2

−1

eitz
q(−t)

2t2
dt,

and applying Schwartz’s inequality, we get |I4(z)| ≤ C12
e| Im z|√
1 + | Im z|

, z ∈ C. Similarly,

|I5(z)| ≤ C13
e| Im z|√
1 + | Im z|

, z ∈ C. Thus, basing on Lemma 1, we obtain the required

proposition. Lemma 2 is proved.

Theorem 3. Let (sk : k ∈ N) be a sequence of distinct nonzero complex numbers such that
s2k ̸= s2m if k ̸= m, and let a sequence (sk : k ∈ Z \ {0}), s−k:= − sk, be a sequence of zeros
of the some even entire function D of finite formal exponential type, for which on the rays
{z : arg z = φj}, j ∈ {1; 2; 3; 4}, φ1 ∈ [0;π/2), φ2 ∈ [π/2;π), φ3 ∈ (π; 3π/2], φ4 ∈ (3π/2; 2π),
we have

|D(z)| ≥ C(1 + |z|) exp(| Im z|),
where C is a some positive constant. Then the system (Uk : k ∈ N \ {1}) is complete in the
space L2((0; 1);x2dx).

Proof. Assume the converse. Then, according to Theorem 2, there exists an entire function
Q ∈ E2,+(s1) for which the sequence (sk : k ∈ Z \ {0}) is a subsequence of zeros. Let
T (z) = Q(z)/D(z). Then T is an even entire function of finite exponential type, for which
(see Lemma 2)

|T (z)| ≤ C14
1√

1 + | Im z|
, arg z = φj, j ∈ {1, 2, 3, 4}.

Hence, according to the Phragmén-Lindelöf theorem, T (z) ≡ 0. Therefore, Q(z) ≡ 0. This
contradiction concludes the proof.

Theorem 4. Let (sk : k ∈ Z \ {0}), s−k:=− sk, be a sequence of zeros of the function J−3/2.
Then the system

(gk : k ∈ N \ {1}), gk(t) =
π(1 + s2k)

s4kt
2

(sk
√
tskJ−3/2(tsk)− s1

√
ts1J−3/2(ts1)),

is complete in the space L2((0; 1);x2dx).
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Proof. Indeed, the sequence (sk : k ∈ Z \ {0}) is a sequence of zeros of the entire function
D(z) = cos z+z sin z, and this function satisfies the conditions of Theorem 3. Therefore, the
system (Uk : k ∈ N \ {1}) is complete in the space L2((0; 1);x2dx), and, hence, the system
(gk : k ∈ N \ {1}) is complete in this space. Theorem 4 is proved.

Theorem 4 gives a positive answer to the question, formulated at the beginning of this
paper.

Lemma 3. If an even entire function L belongs to the space E2,+(s1) and has a root at a
point s ̸= s1 or has multiple root at s = s1, then the function L̃(z) = L(z)/(z2 − s2) also
belongs to E2,+(s1).

Proof. Indeed, L̃(s1) = 0, the function L̃ is an even entire function of formal exponential

type σ ≤ 1, L̃′(z) =
L′(z)(z2 − s2)− 2zL(z)

(z2 − s2)2
and L̃′(0) = 0. Besides,

L̃′(z)

z
=

L′(z)

z(z2 − s2)
− 2L(z)

(z2 − s2)2
,

+∞∫
1+Re s

∣∣∣ L′(x)

x(x2 − s2)

∣∣∣2 dx ≤ C15

+∞∫
1+Re s

∣∣∣L′(x)

x

∣∣∣2 dx < +∞,

and according to Lemma 2
+∞∫

1+Re s

∣∣∣ L(x)

(x2 − s2)2

∣∣∣2 dx ≤ C16

+∞∫
1+Re s

∣∣∣ (1 + |x|)4

(x2 − s2)4

∣∣∣ dx < +∞.

Hence, the function L̃′(z)/z belongs to L2(R). This completes the proof of the lemma.

Lemma 4. If an even entire function L has zeros at points sk, k ∈ N and the function
L(z)/(z2 − s22) belongs to the space E2,+(s1), then the functions Lk(z) = L(z)/(z2 − s2k) also
belong to E2,+(s1) for every k ∈ N \ {1}.

Proof. Indeed, let Qk(z) = (s2k−s22)
L(z)

(z2 − s2k)(z
2 − s22)

. Then Qk(z) = (s2k−s22)
L2(z)

(z2 − s2k)
and

Lk = Qk + L2. Therefore, taking into account the previous lemma, we obtain the required
proposition. Lemma 4 is proved.

A system (ek : k ∈ N0) of the Hilbert space is said to be minimal if for each n ∈ N0 the
element en does not belong to the closure of the linear span of the system (ek : k ∈ N0 \{n}).
A system is minimal if and only if it has a biorthogonal system. A complete system has, at
most, one biorthogonal system ([15]).

Theorem 5. Let (sk : k ∈ N) be an arbitrary sequence of distinct complex numbers such
that s2k ̸= s2m if k ̸= m. If the sequence (sk : k ∈ N) is a subsequence of zeros of some even
entire function W which has simple roots at all points sk and the function W (z)/(z2 − s22)
belongs to E2,+(s1), then the system (Uk : k ∈ N \ {1}) has in the space L2((0; 1);x2dx) a
biorthogonal system (γk : k ∈ N\{1}). The biorthogonal system (γk : k ∈ N\{1}) is formed,
in particular, by the functions γk, defined by the equality

γk(t) = −
√

2

π

∫ +∞

0

W ′
k(z)

tz
cos(tz) dz, Wk(z):=

2sk(s
2
1 − s2k)W (z)

W ′(sk)(z2 − s2k)
. (4)
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Proof. In fact, according to Lemma 4, the functions Wk belong to the space E2,+(s1).
Therefore, there exist nonzero elements γk of the space L2((0; 1);x2dx) such that

Wk(z) =

∫ 1

0

(z
√
tzJ−3/2(tz)− s1

√
ts1J−3/2(ts1))γk(t) dt,

and by Theorem 1 the functions γk can be found on written formulas. Moreover,
Wk(sn)

s21 − s2n
={

1, n = k,

0, n ̸= k,
and we obtain the required proposition. Theorem 5 is proved.

Theorem 6. Let (sk : k ∈ N) be an arbitrary sequence of complex numbers such that
s2k ̸= s2m as k ̸= m. The system (Uk : k ∈ N \ {1}) is complete and minimal in the space
L2((0; 1);x2dx) if and only if the sequence (sk : k ∈ Z \ {0}), s−k:=− sk, is a subsequence of
zeros of some even entire function W such that the function W (z)/(z2 − s22) belongs to the
space E2,+(s1) and the function W does not belong to this space.

Proof. If the considered system is minimal then there exists a nonzero function γ2 ∈
∈ L2((0; 1);x2dx) such that∫ 1

0

(sk
√
tskJ−3/2(tsk)− s1

√
ts1J−3/2(ts1))γ2(t) dt =

{
1, k = 2,

0, k ̸= 2.

Let T (z) =
∫ 1

0

(z
√
tzJ−3/2(tz)−s1

√
ts1J−3/2(ts1))γ2(t) dt. The function W (z) = (z2−s22)T (z)

is the required, because the function T (z) = W (z)/(z2 − s22) belongs to the space E2,+(s1)
and has zeros at all points sk, all its zeros are simple and it has no other zeros. Indeed,
if s̃ is another root of the function W , then the function G̃(z) = W (z)/(z2 − s̃2) which
has roots at all points sk, would belongs to the space E2,+(s1) that, according to Theorem
2, contradicts the completeness of the considered system. Besides, the function W does
not belong to E2,+(s1), because otherwise the system would be incomplete. Conversely, if
all the conditions of the theorem hold then, basing on Theorem 5, we obtain the required
proposition. The proof of Theorem 6 is thus completed.

Corollary 3. Let (sk : k ∈ Z\{0}), s−k:=− sk, be a sequence of zeros of the function J−3/2.
Then the system (Uk : k ∈ N \ {1}) has in the space L2((0; 1);x2dx) a biorthogonal system
(γk : k ∈ N \ {1}) which formed by the functions γk, defined by the formula

γk(t) =
π(1 + s2k)(s

2
1 − s2k)

s3k

√
tskJ−3/2(tsk).

Proof. Indeed, the sequence (sk : k ∈ Z \ {0}) is a sequence of zeros of even entire function
W (z) = cos z + z sin z, that satisfy the conditions of Theorem 5. Then, according to this
theorem, the system (Uk : k ∈ N\{1}) has in the space L2((0; 1);x2dx) a biorthogonal system
(γk : k ∈ N \ {1}) which formed by the functions γk, defined by equality (4), where

Wk(z):=
2(s21 − s2k)(cos z + z sin z)

(z2 − s2k) cos sk
.

Therefore,

γk(t) = −
√

2

π

1

t

∫ +∞

0

(Wk(z)−Wk(0))
cos(tz) + tz sin(tz)

z2
dz =

= −2

√
2

π

s21 − s2k
t cos sk

∫ +∞

0

(cos z + z sin z − 1)(cos(tz) + tz sin(tz))

z2(z2 − s2k)
dz =
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= −2

√
2

π

s21 − s2k
ts2k cos sk

∫ +∞

0

cos(tz) + tz sin(tz)

z2 − s2k
dz.

Let η(z; t) = tz2ei(1−t)z − tz2ei(1+t)z − izei(1−t)z − izei(1+t)z + itzei(1−t)z − itzei(1+t)z + ei(1−t)z +

+ei(1+t)z+2itzeitz−2eitz. Then (cos z+z sin z−1)(cos(tz)+tz sin(tz)) =
(η(z; t) + η(−z; t))

4
.

Hence,

γk(t) = − 1√
2π

s21 − s2k
t cos sk

∫ +∞

−∞

η(z; t)

z2(z2 − s2k)
dz −

√
2

π

s21 − s2k
ts2k cos sk

Re

∫ +∞

−∞

eitz

z2 − s2k
dz−

−
√

2

π

s21 − s2k
s2k cos sk

Im

∫ +∞

−∞

zeitz

z2 − s2k
dz =

=

√
2π(s21 − s2k)

ts3k cos sk
(sin sk − sk cos sk)(cos(tsk) + tsk sin(tsk)) =

π(1 + s2k)(s
2
1 − s2k)

s3k

√
tskJ−3/2(tsk).

Corollary 3 is proved.

Remark 1. Corollary 3 also follows from Theorem A.
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