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ON ENTIRE FUNCTIONS OF IMPROVED REGULAR GROWTH OF
INTEGER ORDER WITH ZEROS ON A FINITE SYSTEM OF RAYS

R. V. Khats’. On entire functions of improved regular growth of integer order with zeros on a
finite system of rays, Matematychni Studii, 26 (2006) 17-24.

In the paper, a criterion of improved regular growth of entire functions of integer order with
zeros on a finite system of rays is established.

P. B. Xanp. O yeans GynEyuaAT yayvuwennozo pezyiaprozo pocma 4eno20 nopadka ¢ HYAAMU
Ha Koneunol cucmeme aywed // Maremarnani Crynii. — 2006. — T.26, Nel. — C.17-24.

YcraHOB/IEH KPUTEPUil yIIyUIIEHHOIO PEryJisipHOro pocTa MesibliX (hyHKIui [eoro mopsijika
C HyJIAMHW HA KOHEYHOI cHUCTeMe JIydei.

1°. Introduction. It is well known [1, p. 38| that every entire function f # 0 of order p € N
can be represented in the form

f(z) = 229G L(2), (1)
where ()(z) is a polynomial of degree < p, A, are zeros of the function f, A\ € Z,, p
is the smallest integer nonnegative number such that Z\/\nbo /| AP < +oo, L(z) =

H|/\n‘>0 E (ﬁ,p) is the Weierstrass canonical product of genus p, p = p or p = p— 1, and
E(w,p) = (1 —w)exp(w + w?/2 + - -+ wP/p) is the Weierstrass primary factor.
In the theory of entire functions of completely regular growth in the sense of Levin-

Pfluger [1, 2| in particular, the following is established. In order that for an entire function
f of order p € N with the indicator h the relation

In[f(z)] = [z[°h(@) + o(|2|") (2 =00, @ =argze0,2m))

hold outside some exceptional set Cy C C of disks with linear density 0, it is necessary and
sufficient that for almost all « € R and almost all 8 € R, a < 3, there exists [3, p. 43] an
angle p-density

A, ) tim M) 2)

r——+00 rP
where n(r,a, ) :=n({z:0 < |z| <r, a <argz < (}), and, in addition, there is [3, p. 44] a

finite limit
§p= lim Y 1/A0. (3)

r—+00
An|<r
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We remark that condition (3) is fulfilled for p = p+1, since in this case a series > 1/|A,|?
converges. In the case when zeros of the function f are situated on a finite system of rays
{zrargz=1;,7€{l,....,m}}, 0 <y < <...<1, < 2w condition (2) is equivalent
[1, p. 129] to the condition

ni(r) = AP +o(r?)  (A; €[0,400), je{l,...,m})

as r — 400, where n;(r) is the number of zeros of the function f from the disk {z : |z| < r},
which are concentrated on a ray {z : argz = ¢;}. Subtler asymptotics for entire functions
are considered in [4-8|.

An entire function f will be called of improved regular growth, if for some p and ps,
0 < p3 < p < 400, and some 27-periodic p-trigonometric convex function h(p) # —oo there
exists an exceptional set U C C of disks with finite sum of radii such that

In|f(2)] = [2I"h(p) + o(|2|*) (U # 2z =re’ — o0). (4)

If relation (4) holds, then [4] an entire function f has the order p and indicator h.

In the present paper we obtain a criterion of improved regular growth of an entire function
of integer order with zeros on a finite system of rays and, in particular, prove the following
propositions, analogue of which for the case of non-integer order is in [4]. Let @, be a
coefficient at z” in a polynomial Q(z) of representation (1).

Theorem 1. Let f be an entire function of order p = p € N with zeros on a finite system
of rays {zargz =1, 1 <j<m}, 0 <y <ty <...<1y, <2m, and for some p; € (0, p)
and every j € {1,2,...,m}

nj(t) = AjtP +o(t™) (t — +oo, A; € [0,400)), (5)

and let for some 6y € C and p, € (0, p)

Z LN =674+ 0(r7P)  (r — +00). (6)

[An|<r

Then for some ps € (0, p) there exists an exceptional set U C C of disks with finite sum of
radii such that relation (4) holds, where

m

h() =74 cos(pp +0) + Y _ hile), (7)

i=1

moreover, 5 = |d¢/p + Q,|, 0 = arg(ds/p + Q,) and h;(p) is a 2mw-periodic function such
that on [1;, ¢; + 2m)

hal) = Al — o+ ) sin pl — 1) — %cosp«o ). (®)

Conversely, if f, as above, is an entire function of order p = p € N with zeros on a finite
system of rays and for some p3 € (0, p) there exists an exceptional set U C C of disks with
finite sum of radii such that relation (4) holds with h(y) of form (7), then for some p; € (0, p)
and every j € {1,2,...,m} (5) holds, and, in addition, for some p,y € (0, p) (6) holds where

5f = P(Tfeief - Qp)-
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Theorem 2. Let f be an entire function of order p = p+ 1 € N with zeros on a finite
system of rays {z : argz = 5, j € {1,2,...,m}}, 0 < 9y < )y < ... < ¥y, < 2m, and for
some p; € (0, p) and every j € {1,2,...,m} condition (5) holds with A; = 0. Then for some
ps € (0, p) there exists an exceptional set U C C of disks with finite sum of radii such that
relation (4) holds, where

h(p) = @, cos pp. (9)

Conversely, if f, as above, is an entire function of order p = p+ 1 € N with zeros on a
finite system of rays and for some p3 € (0, p) there exists an exceptional set U C C of disks
with finite sum of radii such that relation (4) holds with h(y) of form (9), then for some
p1 € (0,p) and every j € {1,2,...,m} (5) holds with A; = 0.

20, Auxiliary Lemmas. Everywhere further by ci, ¢, c3, ... we denote arbitrary positive
constants.

Lemma 1. Let p € (0,400), p3 € (0,p) and f be an entire function of improved regular
growth. Then there exists a sequence (ry) such that 0 < r, T 400, 1o, — 1 = o(r}’)

(k — +00), and In | f(rre'?)| = rih(p) + o(rt?) (k — +o00) uniformly in ¢ € [0, 27].
Lemma 1 is proved in [4].

Lemma 2. Let p € (0,4+00), ps € (0,p) and f be an entire function of improved regular
growth with zeros on a finite system of rays {z : argz = ¢;, 1 < j < m}. Then in every
angle Clp;, pj] = {2z v Sargz < 9}, 0 <9y < < 95 <y < 2m, j € {1,2,...,m},
Uma1 = U1 + 27, the inequality

In[f(2)] > [2’h(p) — c1]2]*
holds.

Proof. Let ;41 — v; < min{2m,7/p}. Since in every angle Clp,,¢;], j € {1,2,...,m},
the function f does not have zeros, then [2, p. 110] its indicator h in these angles is p-
trigonometric, that is

h(p) = Acospp + Bsinpy (¢ € ), 9], 7€{1,2,...,m}),
where A and B are some constants. We consider the function
F(2) =V(2)/f(2), V(z)=exp((A—iB)zl — ca(ze ™)),

where ¢y is a sufficiently large constant, z£ = |z|°(cos pp + i sin py) is a holomorphic branch
of the function z” in angle Clg;, 9], (ze7™)"" = |2]*(cos ps(¢ — 1) + isin ps(p — 1)) is a
holomorphic branch of the function (ze=™)?* in this angle too, where ¢ = (41 + ¥;)/2.
Thereupon, in the same way as in the proof of Lemma 2 from [4], we obtain the required

proposition. Lemma 2 is proved. O

Lemma 3. Let p € (0,+00). If f is an entire function of improved regular growth, then the
inequality
In[f(2)] < |27h(p) + ca|2]"

holds for some p, € (0, p) and all z € C.
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Lemma 3 is proved in [4]. The following lemma is an immediate corollary of lemmas 2
and 3.

Lemma 4. [4] Let p € (0,400) and f be an entire function of improved regular growth.
Then there exists ps € (0, p) such that for every j € {1,2,...,m}

t

TH(p) = 0/ In |/ (ue?)] (;Lew) = %h(g@) To(t™) (t — +oo)

uniformly in ¢ € [p;, 0;], ¥ < @; < ©; < Vi1

Lemma 5. If an entire function f satisfies the hypothesis of the second part of Theorem 1
and f(0) # 0, then equality (5) holds for some p; € (0,p) and every j € {1,2,...,m}.

Proof. Let

N;(r) :/ 't dt, n;(t) =n({z:0< 2| <t argz=1;}), je{l,2,...,m}.
0

For every j € {1,2,...,m} we choose the numbers o and 3 so that ¢;_; < a <9; < <
Yj+1, where g = 1, — 2, Yy41 = YY1 + 27, Then, using Jensen general equality [1, p. 188],
likewise as in the proof of Lemma 5 from [4], for some pg € (0, p) and every j € {1,2,...,m}
we obtain )

r

N;(r)

= grptrle ) Folr)  (r—+o0), (10)

where
B

sp(a, B) =h'(B) — W' (a) + p° / h(p) dep.

Since the functions N;(r), j € {1,2,...,m}, are independent of o and 3 from the gaps under
consideration by (10), the function s¢(«, 3) is the same. Hence, s¢(«, 3) = s; and

m B
5= tm Y (105) - @)+ [ i) |, (11)
ﬁﬂlﬁ;JrZ:l a

where the function h;(p) is of form (8). Let i > j. If ¢ € [, (] then, similarly, as in [4], we
have that ¢ + 27 € [¢);,¢; + 27), and, according to (8),

ha() = halip + 27) = Au(tly — 7 — ) sin plp — ) — %cosp«o g (2)

Therefore,

16
H(B) - Hifa) + 0 / hal) dp = 2A(sin plac — ) — sin p(6 — ). (13)
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When i < j and ¢ € [o, 3], then ¢ € [¢;,7; + 27) and the function h;(¢) is of form (8).
Hence, in this case, we have (13). Let i = j. If ¢ € [a, ], then ¢ +27 € [h;,1);+27) and the
function h;(¢) = h;(¢+27) can be chosen in form (12). If ¢ € [¢);, 5], then ¢ € [¢;, ¢, +27)
and h;(y) is defined by (8). Therefore, for i = j, we obtain

Ié; Pj B
H(B) — Hy(a) + p? / hy() do = W, (8) — W) + 2 / + / () dip =
o' a Y
— 2mpA\, + 200, (sin pler — 1) — sin p(5 — ). (14)

Thus, the union of formulas (10), (11), (13) and (14) implies that for some pg € (0, p) and
every j € {1,2,...,m}

A
Ni(r) = =2r? 4+ o(r*®) (r — +oo, A, € [0,400)).

p

Hence, by Lemma 6 from [4] (see also the proof of Lemma 3 in [5, p. 143]), for some p; € (0, p)
and every j € {1,2,...,m} equality (5) is valid. The proof of Lemma 5 is completed. O

Remark 1. Since in the case p = p + 1, the function h(y) is of form (9), then it follows
from (10) that the relation N;(r) = o(r”®) (r — 4o00) holds for some pg € (0, p) and every
j € {1,2,...,m}. Therefore, as above, relation (5) holds with A; = 0.

Lemma 6. If an entire function f satisfies the hypothesis of the second part of Theorem 1,
then for some py € (0, p) condition (6) holds with §¢ = p(t;e% —Q,).

Proof. Let ([2, p. 10])

1 . )
O,(r, f) = o /e_w‘p In|f(re®)|de (veZ, r>0)
0

be a Fourier coefficients of In | f(re#)|. Since for v = p = p we have ([6, p. 101])
1 1 '\ (W
i =Qr + 0 ) — ] - =
A QQPT . 2 An|< <(/\”) < " ) ) |

0,0 =30+ 5o ¥ (1) -5 L 10 (15

we see that

where

. MY
1Gy= S (el e,
polr, N

arg An=1;

In view of Lemma 5, using the integration by parts, we get

A, A
1) = — /tpd”j(t) = SHrre 4 o(r) (r— Fo0, p1<p).
T

0
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For this reason, from (15) we obtain

p p m
000 =30+ 50 () ~ B LA ko) (o) (10
j=1

2p ‘)‘n|§r "

Further, taking into account Lemma 1, by Theorem 2 from [6, p. 100], we have
2m

/ h(p)e "% dp +o(r”) (r— 400, pr < p). (17)

PP
2T

@P (Tv f)
Thus, (17) together with (16), (8) and (7) gives that there exists py € (0, p), for which

2 L\ —ipi); .
Z 1/Azzp<ﬁ@p(raf)+2_pzlAje WJ—QP>—|—0(TP1 P) =
]:

|An|<r

2m
. 1 — 4
e " (tpcos(pp +0f)) do + o(r’" ") + 5 Z Aje i — pQ, + o(r”F)+

|
SRS
o\

j=1
. b+
+§ >4, / e 1Y ((7T — 4+ y)sinp(p — ;) — %COS plp — @/)j)) dp ¢ =
j=1 0
= p(rye™ = Qp) + o(r™™*)  (r — +00),
whence the required proposition follows. Lemma 6 is proved. O

3°. Proof of Theorem 1. Without loss of generality we can assume that in (1) A = 0. The
second part of Theorem 1 follows directly from Lemmas 5 and 6. Now we prove the first
part. Let conditions (5) and (6) hold. We have

m

F(z) = 2@ T L;(2), (18)

j=1

where a canonical product L; is constructed in zeros of the function f which lie on the ray
{z : argz = 9;}. By Theorem 1, from [7, p. 106] we get that for some ps € (p — 1, p) and
2z = re" — oo the relation

P
L) = Re 16 () (*HmE o) o)
mavet
holds outside each exceptional set U; C C, j € {1,2,...,m}, of disks with finite sum of
radii, where h;(y) is defined by (8). Next, the union of equalities (6), (18) and (19) implies
that there exist p3 € (0, p) and an exceptional set U = |J;_, U; of disks in C with finite sum
of radii such that for U Z z = re’¥? — oo it is easy to obtain the following relation

In|f(z)] = Re {Q(2)} +Zln|Lj(Z)| =
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—Re { Q,2" +

p
(e [ 1 2 e) ole) =

Jj=1 | An|<r,
arg Ap= w]

: 1
= [2[’Re {€e"? Qﬂrgzl//\ﬁ +|ZV’Z’1 ) +o(lz]) =

[An|<r

= |21” Re {(87/p+ Qp)e™} + |27 ) () + o(|]?) + o(|2|™) =

J=1

= [2[” (Tf cos(pp +05) + ) hj(@@)) +o(|2]) = [2°h(@) + o] 2]”),

J=1

moreover 7y = |d7/p + Q,| and 0y = arg(d;/p + @Q,). The proof of Theorem 1 is thus
completed.

4°. Proof of Theorem 2. The second part of Theorem 2 follows from Lemma 5 and Remark
1. Now we prove the first part. Since (5) holds with A; = 0, by Theorem 1 from [7, p. 106],
we have

I |L;(2)] = of|z]) (2 = o0), (20)

for some py € (p — 1, p) outside each exceptional set U; C C, j € {1,2,...,m}, of disks
with finite sum of radii. Therefore, from (18) and (20) we obtain that there exist p3 € (0, p)
and an exceptional set U = (J;_, U; of disks in C with finite sum of radii such that, for

UZz=re¥ — oo,

In|f(z)] = Re {Q(2)} + ZlnlL )| = 1217Q, cos p + o(|2|”) = |2|"h() + of|2]7).

7j=1
Theorem 2 is proved.

Remark 2. In the case p = p+ 1, condition (6) follows from (5), because 6, = > 7 1/\°
and it is easy to show that, for p; € (0, p),

Sl <>l DD = /d”l%f) = o(r"P) (r — +00).

[An|>r j=1 [An|>r, Jj=1 r
arg An=1v;

In view of this, Theorems 1 and 2 together imply the following statement.

Theorem 3. In order that an entire function f of order p € N with zeros on a finite
system of rays {z : argz = ¢;, j € {1,2,...,m}}, 0 < ¢y < by < ... < ¢, < 27, be of
improved regular growth, it is necessary and sufficient that for some p; € (0, p) and every
j€A{1,2,...,m} (5) holds, and, for some §; € C and p, € (0, p), (6) holds.
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