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For a canonical product L of entire order ρ ∈ (0; +∞) ρ ∈ (0; +∞) which equals the genus of

the product we prove that if the counting function of the zeros satisfies n(t) = ∆tρ+o(tρ1) (t →

+∞), ρ1 ∈ (0, ρ), then ln |L(z)| = 1

ρ
Re
{
zρ
∑

λn≤r λ−ρ
n

}
−∆|z|ρ

(
1

ρ
cos ρϕ + (ϕ − π) sin ρϕ

)
+

o(|z|ρ2) (|z| → +∞), ρ2 ∈ (0; ρ).
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����������������������������Lh������������ρ ∈ (0; +∞)�����������
�������������������������������������������
��h��������������i������
�������������
��
������n(t) = ∆tρ + o(tρ1 ) (t → +∞)�ρ1 ∈ (0, ρ)���ln |L(z)| = 1

ρ

F�{
zρ
∑

λn≤r λ−ρ
n

}
−

∆|z|ρ
(

1

ρ
cos ρϕ + (ϕ − π) sin ρϕ

)
+ o(|z|ρ2)

_
|z| → +∞

b�ρ2 ∈ (0; ρ)


�����∆ ∈ [0; +∞)�(λn)������ �¡¢��£¤ � �£¢¥�¦¥���£�§¥�� �̈0 < λ1 ≤ λ2 ≤
. . . ≤ λn → +∞ ©n → +∞ª�n(t) =

∑
λn≤t 1«¬

� �­�®̄ �°±� �̈²§̈�ρ ∈ (0; +∞) �³���¦¥��������� �¡¢��£¤ � �£¢¥�¦¥���(λn)
�́ �¡��¤¢²µ¶­�¡¶n(t) = ∆tρ + o(tρ)

(t→ +∞)�£� �²§�¢�¢�¦¢�·� �̧¶£§¶

L(z) =
∞∏

n=1

E

(
z

λn

; p

)
, E(u; p) = (1 − u) exp

(
u+ u2/2 + · · · + up/p

)
(1)

��¹² §¶ρ �́¡¢� �²§¥�¡¥¢²£§�¡¥�­¢�º¥¢¡¥§�¢¶µ£¤�²���¡¡� ¢�»�¢¢²

ln |L(z)| = Λ(z) + o(|z|ρ) (z = reiϕ → ∞),

 �

Λ(z) =






1

ρ

¼½
{
zρ
∑

λn≤r

λ−ρ
n

}
− ∆|z|ρ

(
1

ρ
cos ρϕ+ (ϕ− π) sin ρϕ

)
, ρ = p,

0, ρ = p+ 1.

(2)
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������ρ ∈ (0; +∞)����������������� !�"#ρ1 ∈ (0; ρ)$�����$���+∞�������%$��&'����&$�������(λn) (���%��'$ )#"�%#

d(t)
def
= n(t) − ∆tρ = o(tρ1) (t→ +∞). (3)

*�����$#+&'ρ2 ∈ (0; ρ)
����&�"�U !�#,�%%C

�(�!�$��$$�+�#"�+����#��%&�!��-����U 63 z = reiϕ → ∞
�
ϕ ∈ [0; 2π)�� ����./#$!��.012%�!�$#)&'� 

ln |L(z)| = Λ(z) + o(|z|ρ2),

��Λ(z) %�($���$�/��"#��+0324
5�¹�́ c0�c1�c2�«««��́¢�¦�µ­� �²§� � �£¢��£���«6�² �¡� �¢¢²£��¹�­¥̄ ��£¹�̧¢�¢��£¶�¢� ���­�º¢�£¡�¹ º�¢¢²«

E���
������%�!�$#+&'� #"�%�&����"�1�

Lr(z) =
∏

λn≤r

E

(
z

λn
; ρ− 1

) ∏

λn>r

E

(
z

λn
; ρ

)
.

*���

ln |Lr(z)| = −∆|z|ρ
(

1

ρ
cos ρϕ + (ϕ− π) sin ρϕ

)
+ η(z), (4)

����'�"#η(z) = o(|z|ρ3)� Eε 63 z → ∞�� 7#�'8 !�,�ε ∈ (0; (ρ − ρ1)/2)
��� 7#�'8

 !�,�ρ3 ∈ (ρ1 + 2ε; ρ)���Eε = {z : | arg z| < 1/|z|ε}4
9:;<=<>>?@�����z = reiϕ�ϕ ∈ (0; 2π)«A� �� �́¶­�¡¥©¾ª��¹¥r → +∞ �£¹¥­¶µ­�©®̄ ��«B̄±�®¾�Í« C̄D±ª

ln |Lr(re
iϕ)| = −

∆

ρ
rρ cos ρϕ + (π − ϕ)∆rρ sin ρϕ + I1 + I2 + o(rρ1), (5)

 �

I1 = rρ

r∫

0

d(t)
r cos (ρ− 1)ϕ− t cos ρϕ

tρ(t2 − 2rt cosϕ+ r2)
dt, I2 = rρ+1

+∞∫

r

d(t)
r cos ρϕ− t cos (ρ+ 1)ϕ

tρ+1(t2 − 2rt cosϕ+ r2)
dt,

�¹¥³¤�­¶d(t) = o(tρ1) ©t → +∞ª�|d(t)| ≤ c0t
ρ1 ©t ∈ [0; +∞)ª«E� �̧¢��²§¶ �¡� �¢¢���­¥̄ ´®Å��« F̄°±� �²̧ ¶ ¤G²§�·�ρ3 ∈ (ρ1 + 2ε; ρ)�­�£¥­�­�

|I1 + I2| ≤
c0r

ρ1

sin2
ϕ

2




1∫

0

uρ1−ρ

u+ 1
du+

+∞∫

1

uρ1−ρ−1

u+ 1
du



 ≤ c1r
ρ3 (r → +∞).

H¡� �¥�´©Åª¡¥��¥¡�µ©Fª«
E���I�������������%$��&'����&$�������(λn) (���%��'$ )#"�%#0J2�0 < ρ1 < ρ3 <
ρ�β > ρ− ρ3�Rk = k1/β �

ψk(z) =
∏

Rk−1<λn≤Rk+2

(
1 −

z

λn

)
(k ∈ N). (6)
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*����� %���k ∈ N
�%���z ∈ C

%�!�$#)&'� 

ln |ψk(z)| ≤ c2R
ρ3

k ln(1 + |z|/Rk−1), (7)

��!��"�'�,����$#)&�!����&�"�U %�$ &!�%��!�#,�%�(�!�$��$$�+�#"�+����#��%�-�

(∃c2) (∀k ∈ N) (∀z ∈ C \ U) : ln |ψk(z)| ≥ −c2R
ρ3

k . (8)

9:;<=<>>?@��¹�¡¢��£¤©�ª �¡� �¢�¡��­�F́ ®Å��« F̄¾� F̄F±«6�¡� �­�©Àª«��§��¤§¥¡
©Dªλn > Rk−1�£�|1 − z/λn| ≤ 1 + |z|/Rk−1«A�­¶ �²¡���k ∈ N

�¡���z ∈ C

ln |ψk(z)| ≤ nk ln(1 + |z|/Rk−1),

 �
nk = n(Rk+2) − n(Rk−1) = ∆(Rρ

k+2
− Rρ

k−1
) + o(Rρ1

k ) =

=
3ρ∆

β
(1 + o(1))Rρ−β

k + o(Rρ1

k ) (k → +∞).

H��£�¢¢¤�Ä¢�¹�¡¢��£�¡¥��¥¡�µ©Àª«
E����������ρ ∈ (0; +∞)�����������ρ1 ∈ (ρ− 1; ρ)

��������%$��&'����&$�������
(λn) (���%��'$ )#"�%#0J24*����� ����./#$!��.012

(∀ρ3 ∈ (ρ1; ρ)) (∃c3) (∀z ∈ C) : ln |L(z)| ≤ Λ(z) + c3|z|
ρ3 , (9)

��� !��$�,�ε ∈ (0; (ρ−ρ1)/2)
��$#)%C

���&�"�U !�#,�%�(�!�$��$$�+�#"�+����#��%
&�!��-��� !��$�,�ρ3 ∈ (ρ1 + 2ε; ρ)

���Ẽε 63 z → ∞ %�!�$#)&'� 

ln |L(z)| ≥ Λ(z) − c3|z|
ρ3 , (10)

��Λ(z) (���)&'� /��"#��+032� Ẽε = Eε ∩ U�ϕ = arg z ∈ [0; 2π)��Eε
%�($���$�#/��"#�+%�$$���"�14

9:;<=<>>?@���¦�£§¶ �¡� �­�� �̈ �²©̄ª¡¥§�¢¶µ£¤�²©Bª«¬¥̧�¹�­�β�Rk
£�§�²§�¡��­�°«H·� ¢�´��­�Ã̄ �¢�¹�¡¢��£¤©Bª ��¥£¤ �¡��£¥ �²z ∈ Eε«6�²§�º¢�·�

z = reiϕ ∈ Eε
��¢¶µk ∈ N� �²²§�·�Rk ≤ |z| < Rk+1«�����p = ρ«E� �̧¢��²§�¡��­�Å

´®Å��« F̄F±�­�µ­�

ln |L(z)| =
1

ρ

¼½{zρ
∑

λn≤r

λ−ρ
n

}
+ I3 + I4 + ln |ψk(z)| + I5 + I6 + I7, (11)

 �

I3 = −
rρ

ρ
cos ρϕ

∑

Rk−1<λn≤r

λ−ρ
n , I4 =

∑

Rk−1<λn≤Rk+2

(
ρ∑

ν=1

rν cos νϕ

νλν
n

)
;

I5 =
¼½
{
−zρ

Rk−1∫

0

n(t)dt

tρ(t− z)
− zρ+1

+∞∫

Rk+2

n(t)dt

tρ+1(t− z)

}
;

I6 =
1

2

(
n(Rk−1) ln

(
1 −

2r

Rk−1

cosϕ+
r2

R2
k−1

)
− n(Rk+2) ln

(
1 −

2r

Rk+2

cosϕ+
r2

R2
k+2

))
;
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I7 = n(Rk−1)

ρ−1∑

ν=1

rν cos νϕ

νRν
k−1

− n(Rk+2)

ρ∑

ν=1

rν cos νϕ

νRν
k+2

.

6���� �́¶¡�º¥­�� �̈ zρ+1

t(t− z)
= zρ

(
1

t− z
− 1

t

)
,

−
zρ+1

tρ+1(t− z)
= −

zρ

tρ(t− z)
+

zρ

tρ+1
, −

zρ+1

tρ+1(t− z)
= −

z

t(t− z)
+

1

tρ+1

ρ∑

j=1

zjtρ−j ,

� �²t ∈ R

¼½
(

zm

t− z

)
=
rρ(t cosmϕ− r cos (m− 1)ϕ)

t2 − 2rt cosϕ+ r2
(m ∈ Z+),

¬¢���� �§³¤�·��¡¹���¡¶Ã¦¥©¾ª��£¹¥­¶µ­�

I5 =
¼½



− lim
δ→0+

∆zρ




r−δ∫

0

dt

t− z
+ z

+∞∫

r+δ

dt

t(t− z)


− zρ

Rk−1∫

0

d(t)
dt

tρ(t− z)
−

−zρ+1

+∞∫

Rk+2

d(t)
dt

tρ+1(t− z)
+ lim

δ→0+
∆zρ




r−δ∫

Rk−1

dt

t− z
+ z

Rk+2∫

r+δ

dt

t(t− z)








=

= ∆rρ lim
δ→0+




1−δ/r∫

0

cos (ρ− 1)ϕ− u cos ρϕ

u2 − 2u cosϕ+ 1
du+

+∞∫

1+δ/r

cos ρϕ− u cos (ρ+ 1)ϕ

u(u2 − 2u cosϕ+ 1)
du


+

+I5,1 + I5,2 + lim
δ→0+

(I5,3 + I5,4) = ∆rρ(π − ϕ) sin ρϕ+ I5,1 + I5,2 + lim
δ→0+

(I5,3 + I5,4), (12)

 �I5,1 = σ1 + σ2 + σ3 + σ4 + σ5;

σ1 =

Rk−1∫

0

d(t)

tρ+1

ρ−1∑

j=1

tρ−jrj cos jϕ dt, σ2 =

2Rk+2∫

Rk+2

d(t)

tρ+1

ρ∑

j=1

tρ−jrj cos jϕ dt,

σ3 + σ4 = r




Rk−1∫

0

+

2Rk+2∫

Rk+2


 d(t)

r − t cosϕ

t(t2 − 2rt cosϕ+ r2)
dt,

σ5 = rρ+1

+∞∫

2Rk+2

d(t)
r cos ρϕ− t cos (ρ+ 1)ϕ

tρ+1(t2 − 2rt cosϕ+ r2)
dt;

I5,2 = ∆rρ v.p.

Rk+2∫

Rk−1

t cos ρϕ− r cos (ρ− 1)ϕ

t2 − 2rt cosϕ+ r2
dt;

I5,3 = −∆rρ cos ρϕ

Rk+2∫

r+δ

dt

t
; I5,4 = −∆rρ

r+δ∫

r−δ

t cos ρϕ− r cos (ρ− 1)ϕ

t2 − 2rt cosϕ+ r2
dt.
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E�́�²§r ∈ [Rk;Rk+1)�£�́ ©Àª¡¥��¥¡�µ� �̈ �²¡���z ∈ C
�¹¥k → +∞

ln |ψk(z)| ≤ o(Rρ3

k ), (13)

��²§¡®Å��« F̄Å� F̄D� F̄�±��£¹¥­¶µ­�

I8 = |I4 + σ1 + σ2 + σ3 + σ4 + σ5| ≤ o(rρ3

k ) (k → +∞). (14)

��§��¤§¥|ϕ| < 1/rε�£�∆rρ sin ρϕ = o(Rρ3

k ) (k → +∞)���� �̧¢� �®Å��« F̄À±

I5,2 = −
∆

2
rρ cos ρϕ ln

R2
k−1 − 2rRk−1 cosϕ+ r2

R2
k+2

− 2rRk+2 cosϕ+ r2
+ o(Rρ3

k ) (k → +∞).

6�£�·�º�

I5,4 = −
∆

2
rρ cos ρϕ ln

(r + δ)2 − 2r(r + δ) cosϕ+ r2

(r − δ)2 − 2r(r − δ) cosϕ+ r2
+ o(Rρ3

k ) (k → +∞).

�¹�­£�·��I5,3 = ∆rρ cos ρϕ ln((r + δ)/Rk+2),
�� �́¶­�¡¥©¾ª�­�µ­�

I3 = −∆rρ cos ρϕ ln(r/Rk−1) + o(Rρ3

k ) (k → +∞).

A�­¶

I9 = I3 + lim
δ→0+

(I5,3 + I5,4) = ∆rρ cos ρϕ ln(Rk−1/Rk+2) + o(Rρ3

k ) (k → +∞).

6������ �̧¢�²§¡®Å��« F̄À� F̄�±� �²r ∈ [Rk;Rk+1)
�¹¥k → +∞

I10 = |I9 + I6 + I5,2| ≤ ∆Rρ
k+1

sin2
ρϕ

2

(
2 ln

Rk+2

Rk−1

+

∣∣∣∣ln
R2

k−1 − 2rRk−1 cosϕ+ r2

R2
k+2

− 2rRk+2 cosϕ+ r2

∣∣∣∣
)

+

+(n(Rk+2) − ∆Rρ
k)

(
ln
Rk+2

Rk−1

+
1

2

∣∣∣∣ln
R2

k−1 − 2rRk−1 cosϕ+ r2

R2
k+2

− 2rRk+2 cosϕ+ r2

∣∣∣∣
)

+

+
1

2
(n(Rk−1) − n(Rk+2))

∣∣∣∣ln
(

1 −
2r

Rk−1

cosϕ+
r2

R2
k−1

)∣∣∣∣+ o(Rρ3

k ) = o(Rρ3

k ). (15)

�¹�­³¤�·���� �̧¢� �®Å��« F̄�±� �²r ∈ [Rk;Rk+1)
�¹¥k → +∞

I7 = −
∆

ρ
rρ cos ρϕ + o(Rρ3

k ). (16)

�̧�µ ¢¶Ã¦¥©̄ ª̄¿©̄Dª��£¹¥­¶µ­�

ln |L(z)| ≤
1

ρ

¼½
{
zρ
∑

λn≤r

λ−ρ
n

}
−

∆

ρ
rρ cos ρϕ+ (π − ϕ)∆rρ sin ρϕ+ o(rρ3) (r → +∞),

£�̧£�¡¥§�¢¶µ£¤�²©Bª«6�¡� �­�©̄Cª«6�²³¤�·���� �̧¢� ���­¥F́ ®Å��« F̄F±���̧¶G ¶µ­��¥�£�­¶U ¡¥¢²£§�¡¥�§¹¶·�¡�́ �§�¢¦�¢¢�Ã�¶­�Ã¹� �¶��¡«H·� ¢�´��­�Ã̄�¢�¹�¡¢��£¤©̄Cª ��¥£¤ �¡��£¥ �²z ∈ Eε \ U«6�²§�º¢�·�z = reiϕ ∈ Eε \ U
��¢¶µ
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k ∈ N� �²²§�·�Rk ≤ |z| < Rk+1«A�­¶�¡¥§�¹¥�£�¡¶Ã¦¥©�ª�©̄ ª̄�©̄°ª�©̄Fª¿©̄Dª�²§�¡¥̈ ��£¹¥­¶µ­�

ln |L(z)| ≥
1

ρ

¼½
{
zρ
∑

λn≤r

λ−ρ
n

}
+ (π − ϕ)∆rρ sin ρϕ+ I7 − (I8 + I10) + o(Rρ3

k ) ≥

≥
1

ρ

¼½
{
zρ
∑

λn≤r

λ−ρ
n

}
−

∆

ρ
rρ cos ρϕ+ (π − ϕ)∆rρ sin ρϕ+ o(rρ3) (Ẽε 63 z = reiϕ → ∞).

�£º��¡¥§�¢¶µ£¤�²©̄Cª«�����£���¹p = ρ− 1«A� �

ln |L(z)| = −
1

ρ

(
∑

Rk−1<λn≤Rk+2

+
∑

λn>Rk+2

)
¼½{z/λρ

n} + I3 + I4 + ln |ψk(z)| + I5 + I6 + I7,

 �I3�I4�I5�I6�I7�¡¥́¢�¦�¢�¶¡¥�� §¶ρ = p«��§��¤§¥¡ �¢�­¶¡¥�� §¶¹² ∑n λ
−ρ
nµ´̧�º¢¥­��n(t) = o(tρ1) ©t→ +∞ª�£��¹¥k → +∞

−
1

ρ

∑

Rk−1<λn≤Rk+2

¼½{z/λρ
n} −

1

ρ

∑

λn>Rk+2

¼½{z/λρ
n} = o(Rρ3

k ).

¬¢���� �§³¤�·��¹�̧¥­�¡¥�¢�¡�§� �̈¶¡¥�� §¶ρ = p+1��£¹�̧¢�£¡�¹ º�¢¢²¡¥��¥G¡�µ�́  �¡� �¢¢²¡¥�� §¶ρ = p«��­¶¾��¡¢��£Ã �¡� �¢�«
A��¹�­�¯̧ �́����¹� ¢¤�¡¥��¥¡�µ´��­¥¾«
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