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For an entire function L of order p € (0;1) conditions on zeros under which In |L(rei?)| =

7P cos p(p — m) + O(1), z = re'? — 400,z ¢ E, are found.
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Hast wenonn dpyakunm L mopsgka p € (0;1) HafgeHBl ycIoBHA Ha HYJIH, MPH KOTOPHIX

In|L(re'?)| = rPcosplo—m)+O0(1),z =re'? = +o0,z ¢ E.

sin mp

It is well known [1, 2], an entire function L of order p € (0; +00) is of completely regular
growth in the sense of Levin-Pfluger if there exists a sequence (r,,) such that

0<r,T4+oo, rp/rn—1, n— oo, (1)
and
In |L(rnew)| =rPh(e)+o(rf), n— oo, (2)

uniformly in ¢ € [0; 27], where h(yp) is the indicator of L.
Many authors [3-9] were studying subtler asymptotics. In [4, 5] a two-member asymp-
totics

In |L(rew)| =r"h(e) + " hi(p) + o(r™), r — 400 (3)

is considered in the case 0 < p; < p < +o00. Here we obtain some results in the case of

p1 = 0. In particular, we prove the following propositions.

k—ao
A

1/p
Theorem 1. Let 0 < p < 1,0 <A< +00,0 < a<1and A, = ( ) . In order that

for an entire L function of the form

i =110 1) ()
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there exists a sequence (r,) such that
0<r,T+oo, 7. —rt=0(1), n— oo, (5)
and uniformly in ¢ € [0; 2]
In|L(rue)| = rih(p) + O(1), n = oo, (6)
it is necessary and sufficient that o = 1/2, where

A

h(p) = — ).
(¢) Simpcospw )

“laa\Y
Theorem 2. Let 0 < p < 1,0 < A < +oo and Ay, = (S5 71t

3 lawl < +oe, (7)

then for an entire function of form (4) there exist a sequence (r,,) with properties (5) and (6).

An entire function L of order p € (0;+00), for which there exists a sequence (r,) with
properties (5) and (6) will be called an entire function of fine regular growth. For example,
the function L(z) = sinz is an entire function of fine regular growth, for which (6) holds
with p = 1, h(p) = |sing| (see [8]). The entire functions with such properties are used in
studying functions of bounded [-index [3] and some interpolation problems [8]. If a sequence
(r,) satisfies conditions (5) and (6), then it satisfies conditions (1) and (2). Therefore, every
entire function of fine regular growth is an entire function of completely regular growth in
the sense of Levin-Pfluger.

For the proof of Theorem 1 and 2 we need some lemmas.

Lemma 1. Suppose that (A\;) is a non-decreasing to +00 as k — 400 sequence of positive
numbers and for some p, 0 < p < 1, and A € (0; +00)

N(r) = %r” +0(1), r— +oo, (8)

where

Then for entire function (4) we have

(Je1)(Vz € C): In|L(z)] < -WA r’cosple —7m)+ ¢ (9)

s TP

and if ¢ = arg z € (0;2m) then

In |L(2)| =

—1” cos p(p — ) + n(2), (10)
sin TP

moreover (here and so on by ¢y, ¢z, ... we denote arbitrary positive constants)

(V8 € (0;7/2))(3es) (Vg € (8521 — 8))(Vr > 0) = |n(re'®)| < es.
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Proof. First, we show that for an entire function (4) equality (10) holds. Let z = re'?. We

have
+oo

In |L(re)| = —r /

0

(t* +r?*)cosp — 2rt

N)dt =: 1.
(t2 — 2rt cos ¢ + r?)? (t)

Using formula (8), we obtain

+ oo

A 2+ r? — 2rt
[:——r/tp( Freose =2t g -
p (t2 — 2rt cos ¢ + r?)?

0

+oo
A (u® + 1) cos ¢ — 2u A
= ——7” ’ d I, = ’ — I 11
,or /u (u? —2ucosp + 1)? vt h sinwpr cosplp —m) + h; (11)
0
where
+ oo
2rt — (12 + r?
[1:r/0(1) rt — (12 4 1r%) cos di
(12 — 2rt cos p + r?)?
0
We have

+oo
2r2t + r(t* +1r?)
L] < dt =
hf < e / (t2 — 2rt cos 6 4 r?)?
0

(u+1)°
02/(u2—2ucos5—|—1)2 €3 < +00, T2
0

Hence, from (11) we have (10). Now we prove, that function (4) satisfies condition (9). The
function

W= LG A Al =exp (o)

sinp

with the natural choice of a holomorphic branch in the angle C(—d;6) = {z : |argz| < ¢}
satisfies the condition

| I

(Jeq)(Vz € C(=9;6)) : |v(2)] < e’ o> 0.

Besides, on the boundary of the angle the function # is bounded, that is
V(2)| <1, z€0C(—6;6)={z:|argz| =0}.

By the Phragmen-Lindeldf [1] principle we have |¢(z)] < ¢,z € C(=6;0) for all § small
enough. Therefore,

L < /i) = evesp (2o cosplio =)

s TP

Hence we obtain (9). O
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Lemma 2. If L is an entire function of fine regular growth of order p € (0;+o0) with the
indicator h(p) then (8) holds with

2

P

A= hio)do.

o (¢)dy
0

Proof. Indeed, we suppose that L(0) = 1 and, using the Jensen equality [1]

27
1 .
N(r)= 5 /ln |L(re'?)| de,
0

we obtain
27
P P

N(ry) = ;—;/h(ap) de + O(1) = TTOA +O(1), neN.

For every r > ry there exists n such that r, < r < r,y;. Since N is a non-decreasing

funCl iOl’l7
P P 0 P
Tn 1A r - Tn —I‘ r

N(r) < N(rpp) = 22— 4 001) = 2+ “A+0(1) =
p p
PA A
=22 L 0(1) < S 40y
p p
On the other hand,
LA P _ P p
N(r) = N(ry) = =2 1 o(1) = et Zlen x4 o) =
p p
" A A
S e +O0(1) > —r” — c,.
p p
Thus, (8) is true. O

L — 1/p
Lemma 3. Let0<A<+oo,0<a<1,0<,0<—|—ooand)\k:( Aa> . Then

A 1 1 1 1 1
N(r)=—r"+ (a——) Inr+ — (a——) 1nA+—lnF(1—a)—|—O<—>,r—>—|—oo.
p 2 p 2 p re

Proof. Let A\, <r < Agyy. Then Ar* 4+ o —1 < k < Ar? 4+ a. We have

k _ 1/p
N(r)zZln)\L: ln)\L:klnr—lnH<mAa> =
m m m:l

Am<r m=1

:klmr—élmi—l
p A p

k
ko1 1. I(1+k—a)
1 —a)=klnr——-In——-In———= =
ng(m «) nr pnA pn I —a)

k 1 1
=klnr+—-InA—-—-Inl'l+k—a)+-Inl'(1 —a).
p p p
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In view of Stirling’s formula [1]
1 1 0
Inl(z)=alne —x— §1n:1;—|— §1n27r +—, |01 <3, x| >2.
T
Therefore,

k 1 1
N(r)=klnr+ -InA—-—-1+k—a)ln(l+k—a)+—-(14+k—a)+
P P P

0 1
+—-InI'(1 — a).

1
—In(l+k—a)— —————
+%9M th—a) pl+k—a) p

The function

1 1
fle)=zlnr+ A~ —(1+2—a)in(l +z—a)+—(1+z - a)+
P P P

RN ) /
—In r—a)— ————
2p p(1+z—a)

on [Ar” 4+ a — 1; Ar? + o] is increasing, and if r — 400

1 1 1 A
fAr" +a—1)= (oz—§>lnr—|—;(oz—§>lnA—|—?rp—|—7ca—;,
1 1 1 A 1 1
fAr" 4+ a) = (a——) lnr+—<a——> lnA—I——r’)—I—M.
2 p 2 p rP
Thus,
A 1 1 1 1 1
N(r)=—r"+ (a——) Inr +— (a——) 1nA—|——lnF(1—oz)—|—O<—>, r — 400.
P 2 p 2 p rP

O

1

1/p
2) ,0< A< 400,00 < p < +o0, then

Corollary 3.1 If A\, = (

A 1 1
N(r) = —rp+—lnﬁ+0<—>, r — +o0.
PP re

Lemma 4. Let 0 < A < 400, 0 < p < 1, and the sequence of positive numbers (\y) satisfy
the condition A
N(r)—=N(t)=—(r"—=t")+ q(t;r),
P
where

attir) =0 (max{ L) () € Ororo0) x (040, (12

te’ e

Then we have (10), moreover, for each ¢; > 0 the function n is bounded in the region C\ F,
where |} = {z: |arg z| < ¢1/r}.
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Proof. From (12) it follows (8). Therefore, taking into account Lemma 1, the statement of
Lemma 4 is sufficient prove for {2 : |argz| < 7}. We have

+oo
: A 2+ — 2rt
1n|L(rew)|:——r/tp( Tr)cosg Z 2t
p (t2 — 2rt cos ¢ + r?)?

+oo
A 2rt — (1
—|—<N(T)——r”>r/ rt— (4 ) cosp dt + I =

p (t2 — 2rt cos ¢ + r?)?
0
A
= ,7T—rp cosplp —m)+ O(1) + I, (13)
sinTp
where
' 2 +1r?) 2rt
cos ¢ — 2r
Iy = r/ ( " L q(t;r)dt.
(t2 — 2rt cos ¢ + r?)?
0
We have
1) -2
E ' e R <
—2ucosp+ 1)?
/ / u —|— 1 COS w — 2u
du
—2ucosp+ 1)?
+c_2 5 Qu—(u2—|-1)cosc,o du < C‘3 n C‘4 < e,
re ) (u? —2ucosp+ 1)? rPsing - rfsine
Uy
where
1 — [sin ¢ 1+ [sin |
U= ——— | up= ——.
Cos ¢ Cos ¢
For this reason, from (13) we obtain relation (10) . O

Lemma 5. Let 0 <A < 400, 0<p <1, r, = (n/A)lP, mpr(r) = min{L(z) : |z| = r} and

A 1/p
E = € N en for the function of form (4) the inequalit
A ( A2> , k € N. Then for the f [ f 1 () he inequality

Inmy(r,) > wArlctgnp + O(1), n — oo, (14)
holds.
Proof. We have

In |L(r,)| = Zm(W _
k=1 2

A
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:im ot y 1n<1—<k;%>;>—|— i 1n<1—<kil>;>. (15)
k=1 <T2>p k=1 k=n+1 2

Using Corollary 3.1, we obtain

n

. A
Sl = N(r) = =l 4 0(1), n = foo. (16)
k=1 k - % o p

A

It is easy to show that the functions In(1 — 2”) and In(1 — 27") are concave on the intervals
(0;1) and (1;400), respectively. Therefore, as in [10, p.247] we obtain

O [ WA k—L_q\7
ST IRYN RETEes BN AR N
n 2 n n
n , 1 n ,
In [1— > —qIn|l— | —F—
n[ (k—%)]—Q{n[ (k—%—l—t)

n b
l—| ——— k> 1.

Hence, we can integrate the first of those inequalities with respect to ¢ from 0 to

+In

_|_

+1In

a0

and similarly

1n[1—<ki%>lp] > /kln[1—<gﬂ de, k>n+1.

From this it follows

Zln[l—( )
n
k=1
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z/m {1— (i)} dz + :/Ooln {1_ @” dr —

+ oo

= pAr? /up—l In(1—wu) du+ / P g = TArfetgrp — =1,
u

0 1
Since my(r) = |L(r)|, from this and using formulas (15), (16) we obtain (14).

Proof of Theorem 1. The necessity follows directly from Lemmas 2 and 3, because

2

2
/COS ple —m)dp = —sin pr.
p

0

L

<%> CUIf 2= e, o] < % then by Lemma 5

n

We prove the sufficiency. We put r,

In|L(r,e' ) >Inmp(r,) > TArf o8P

O(1
"sin pr +00)
A 2 A
= -W—rﬁcosp(cp—w)— -W rf sm%smp(%r—cp) +0(1) >
sinmp sinmp 2

A
> =t cos plp — ) + O(1).
S mwpe

Whence by Lemmas 1 and 4 we obtain the required proposition

O

L — 1 1/p 1
Proof of Theorem 2. Let A} = ( A 2) and L*(z) =

z _kii <1——> Ifr, = <%>;,then
Zln

In |L(r,)| — In |L*(r,)| = Zln

Since
AL — 7| = min {7 — re—1 |5 |A7 — el = O( __1), k — oo,
we have
Ak — A%
e — 7 R Ap — Al
| L k " Ok TRl s E> ko
e o] = 2 Aoy, | 2 Tl k2 ke
A=y
and A A — A
* Y o
ln)\z> T’“_—c2|k—k|2—02|ak|, k> k.

Therefore by Lemma 5

Inmy(r,) > mArlctgmp + O(1),

n — oQ.
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Further,
r r A* 1 oy
Zln——Zln—*:ZIH—k:——Zln<l—l— 1>:
A (] € I L AN ol o )
- " kL) T L [E
AkZT’ 2 Ak>7’ Ak>7’
1
= do + B Z |ozk|—|—0<r—p> :d0—|—0<r—>, r — +oo,
AkZT’
where N,
do=—-3"In <1+ O"“1>
P = k=3
Furthermore,
r r A1 Am 1
2:11(1)\—z — 2:11(1)\—z =0 (max{ In o ;ln o) }) =0 (r—p> , 7 — +00,
Ap<r Ap<r

_Llia. N1/ .
where m is such that A7 < r < A7 ;. Therefore, the sequence A\, = <ki%> satis-

fies condition (12). Thereupon, in the same way as in the proof of the sufficiency part of
Theorem 1, we obtain the required proposition. O
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