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A criterion for the improved regular growth of an entire function in
terms of the asymptotic behavior of its logarithmic derivative in the
metric of L4[0; 2]
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(Presented by V. I. Ryazanov)

Abstract. Let f be an entire function, f(0) = 1, F(z) = z2f'(2)/f(2), and Ty, = |J{z : argz = ¢;},
j=1

0 <1 <2 <...<tPm <2m. An entire function f is called a function of improved regular growth if
for some p € (0;+00) and p2 € (0;p), and a 27-periodic p-trigonometrically convex function h(p) # —oo,
there exists a set U C C contained in the union of disks with finite sum of radii such that

log| £(2)] = |#I"h(p) + o(|2I"), U Fz=re'” - oo,

In this paper, we prove that an entire function f of order p € (0; +00) with zeros on a finite system of rays
Iy, is a function of improved regular growth if and only if for some p2 € (0; p) and every g € [1;+00), one

has
1 27
{5 ]

where h(p) = h(p) — ih/(¢)/p and h(y) is the indicator of the function f.

F(re'?) ~

q 1/q
— ph(e) dﬁ@} =o(r”*7"), r— oo,

rP

Keywords. Entire function of improved regular growth, logarithmic derivative, Fourier coefficients, finite
system of rays, HausdorffB—Young theorem.

1. Introduction

Let f be an entire function, f(0) = 1, (A\y)nen be a sequence of its zeros, N(r) := N(r,0; f) =
Jo t7in(t)dt, r > 0, n(r) = n(r,0; ) = > a|<r 1 be the counting function of the sequence (An),

F(z) := zf'(2)/f(z) be the logarithmic derivative of the function f, I'y, := (J{z : argz = v},
j=1

0 <Y1 < g <...< 1ty <27, be a finite system of rays, and n(r,v;; f) = ZIAnIST,argAn=¢j 1 be the
number of zeros of f lying on the ray {z : arg z = 9;}.
It is known that, by the HadamardB—Borel theorem [1, p. 38|, an entire function f, f(0) = 1, of

order p € (0;400) has the form
i z
f(z) =€) H E <)\7p> 5 (1.1)
n=1 n

where )\, # 0 are the zeros of the function f(z), Q(z) = Y p_, Qxz" is a polynomial of degree
v < p, p < p is the smallest non-negative integer for which > 7, |)\n]7p71 < 400, and F(w,p) =
(1 — w)exp(w +w?/2 + -- - +wP/p) is the primary Weierstrass factor of the p-th kind.

One of the main problems in the theory of entire functions is the study of the relationship between
the regularity of growth of a function and the distribution of its zeros. At the end of the 1930s,
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the investigations of this problem carried out by B. Levin and A. Pfliiger [1] (see also [2,3]) led to
the formation of the theory of entire functions of completely regular growth. The entire functions of
completely regular growth are characterized by the regular behavior not only of their modulus but
also of their argument. Note that it is important to have different criteria of belonging of the entire
functions to the class of completely regular growth. There are numerous criteria of completely regular
growth for the entire functions of positive order (see [1-3]). In particular, V. Azarin [4] obtained a
criterion of regularity of this kind in terms of Fourier coefficients, and A. Kondratyuk [5, p. 78| in
terms of the p-norm of the logarithm of modulus of an entire function in the space LP[0;27].

An important role in the development of the theory of entire functions of completely regular growth
was played by the method of Fourier series, the systematic application of which began in the works
by L. Rubel and B. Taylor (see [6]). In particular, by using this method, A. Kondratyuk [5,7| and
Ya. Vasylkiv [8,9] described the property of completely regular growth of the logarithm of modulus and
argument of entire and meromorphic functions of positive order in the metric of LP[0;2r]. For entire
functions of order zero of slow growth, similar results were obtained in the works by M. Zabolotskyi
and others [10-12].

In [13,14], the notion of entire function of improved regular growth was introduced, and some
criteria for this regularity was obtained in terms of the distribution of zeros under the condition that
they are located on a finite system of rays.

An entire function f is called a function of improved regular growth [13,14] if for some p € (0; 4+00)
and p2 € (0;p), and a 27m-periodic p-trigonometrically convex function h(p) #Z —oo, there exists a set
U C C contained in the union of disks with finite sum of radii such that

log | /()] = |#I°h(¢) + o(|27), U % 2= rei® = oo,

Note that the function h(¢) = h¢(p) = limsupr—"log|f(re’?)|, ¢ € [0;2n], is called the indicator of
r—-+00

an entire function f of order p € (0;+00) (see [1, p. 72|, [2, p. 10]). The main property of the indicator
is p-trigonometric convexity. The function h : [a; 8] — [—00; +00) is called p-trigonometrically convex
on the interval [«; 5] if for any ¢1 and @2, @ < 1 < @2 < B, 0 < 2 — @1 < m/p, p > 0, the following
relation holds (see [1, p. 74], |2, p. 10]):

h(p) < h(p1) sin p(p2 — ) + h(p2) sin p(p — 1)

. yop1 < p <o
sin p(p2 — 1)

Various properties of the indicator and p-trigonometrically convex functions has been studied in [1,
pp. 72-85]. In particular, the indicator is a continuous 27-periodic p-trigonometrically convex function.
The function h(p) has the right derivative, which is continuous everywhere, except an at most countable
set (see |1, pp. 76-78, 199], [5, pp. 93-94 , 110], |9, p. 138]). If an entire function f is a function of
improved regular growth, then [13] it has the order p and the indicator h(yp).

There are numerous criteria of improved regular growth of entire functions of positive order (see
[13-31]). In particular, in the papers |21,22|, criteria of improved regular growth of entire functions of
positive order with zeros on a finite system of rays were established in terms of the Fourier coefficients
of the logarithm of their modulus and the logarithmic derivative. In [23-25|, the asymptotic behavior of
the functions log| f|, log f, and Im F in the metric of L?[0; 27|, where f is an entire function of improved
regular growth with zeros on a finite system of rays, was described. In the papers [26,27], criteria for
the improved regular growth of entire functions of positive order with zeros on a finite system of rays
were obtained in terms of their averaging. In the general case (for an arbitrary distribution of zeros),
the asymptotic behavior of entire functions of improved regular growth was investigated in [28-31].
The following statement is true.
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Theorem 1.1. (see [25]) An entire function f of order p € (0;+00) with zeros on a finite system of
rays Ty, s a function of improved regular growth if and only if for some py € (0;p),

N(r) = érp +o(rfY), r— +oo, A:= ZAj, Aj € [0;+00),

p =

and for some pa € (0; p) and each q € [1;+00), one has

1 [?"|Im F(re¥) N 1/ pa—p
{%A T-l—h((p) dgo} :O(T 2 ), r — +00.
In this case,
h(g) =Y hi(p), p€ (0;+00)\N, (1.2)

7j=1
where hj(p) is a 2m-periodic function defined on the interval [1)j;1; + 27) by the equality

hj(p) = ucosp(<p —j—m), Aj€|0;400).

sinp
In the case p € N,
m
Tpcos(pp +05) + 32 hi(w),  p=p,
h(p) = = (1.3)
Q, cos pp, p=p+1,

where Q, is the coefficient at z° in the polynomial Q(z) in representation (1.1), 65 € C is such that

D ianl<r An” =0 +0(r?7P), v — +00, for some p3 € (0;p), Tr = [0¢/p + Qpl, 05 = arg(ds/p + Qp),
and h;(p) is a 2m-periodic function defined on [j;1; + 2m) by the equality

A.
hj(e) = Aj(m — @ + ;) sin p(p — ;) — 7] cos p(¢ — 1j).

However, the relation between the improved regular growth of an entire function f and the regular
behavior of its logarithmic derivative F' in the metric of L7]0; 27] remained unstudied. The problem of
finding new criteria of improved regular growth for entire functions seems to be quite urgent.

The aim of this paper is to establish a criterion for the improved regular growth of an entire
function f of positive order with zeros on a finite system of rays in terms of the asymptotic behavior
of its logarithmic derivative F(re¥), ¢ € [0;27], as r — 400 in the metric of the spaces LI[0;27],
q € [1;+00) (see Theorem 3.1).

2. Auxiliary statements

Let f be an entire function with f(0) = 1, (A,)nen be a sequence of its zeros, and Q := {|\,| : n €
N}. For k € Z and r > 0, we denote

nk(ra f) = Z eiik ue )\na arg )\n € [Oa 27T)7 n()(T', f) = TL(?")
|)‘n|S7'

The Fourier coefficients of the function F(re'?) are determined by the formula |7, 32]

1 2w ) )
ck(r,F) = 27r/0 e RF(re)dp, keZ, r>0, r¢Q.

To prove the main result, we need the following auxiliary statements.

379



Lemma 2.1. Let f be an entire function of order p € (0;400) with zeros on a finite system of rays
Ty If for some p1 € (0;p) and each j € {1,...,m},

n(t, v f) = AjtP +o(tP), t— +oo, Aj € [0;400), (2.1)
and, in addition, in the case p € N, for some p3 € (0;p) and §y € C, one has

Z MNP =6 +o(rP), 1 — 400, (2.2)
An|<r

then, for some pa € (0; p), the relation

el F) = dyre + 2 e r g0 (2.3)
kT = Uk |]€|+1, s ) .

holds uniformly in k € Z, where

dk:E£E§:Aﬁ4M% p € (0;+00) \ N, (2.4)
j=1

and

( m
P —ik;
SR Aie, k#p=p,
=1

0, k#p=p+1,
\prv k:p:p+1a

ifp N, 7y =0p/p+ Qpl, and O = arg(ds/p + Q).

Proof. First, let p € (0;+00) be a non-integer number and p = [p] < p < p+ 1. Then an entire
function f, f(0) = 1, has the form (1.1), where Q(2) = Y_7_, Qx2" is a polynomial of degree v < p.
We have (see [7,8,32])

(
koyr® - >
apr” + Z (An> , k>1,
|)\n‘§r
Ck;(?”, F) = no(ﬁ f)7 k= 07 (26)
k
r
_ < _
S
‘)‘n|§7“

where r > 0, 7 ¢ Q, and o are from the expansion log f(z) = 3. agz¥, log f(0) = 0, in the
k=1
neighbourhood of a point z = 0. In particular (see [18]), ax = Qx if 1 < k < p < p, and o =

1 [ee)
Qk—% > )\;k if K > p+1 > p. In view of this, integrating by parts, we obtain: for 1 <k <p < p; <p
n=1
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k T
Ck(T’F):kark‘i‘ Z (;) _kaT'k-f—Tk/O kat(:’f)dt

[An]<r

= kQur* 4 np(r, f) + kr* /0 ' ”’Z,gif ) dt, (2.7)

and for k > p+ 1> p (we assume [18] that Qr =0 if k > v),

T n(t,
ck(r, F) =ng(r, f) — krk/ ];lgﬂf) dt, (2.8)
and, analogously,
" t
ck(r, F) =ng(r, f) + k‘rk/ nl;’(ﬁilf) dat, k<-1, (2.9)
0
co(r, F) = no(r, f), (2.10)

where 7 > 0 and r ¢ Q. Let (2.1) hold. Then, for k € Z, we get

(r,f) = Ze i (r (r,5: f) = bpr’ + o(r”), r — 400, by = ZAje_“‘”ﬁj, (2.11)
Jj=1 j=
no(r, f) = bor” + o(r’*), r — +oo. (2.12)
Further, using (2.11), from (2.7), for 1 <k <p < p; < p and r ¢ Q, we obtain

cu(r, F) = kQpr® + br? + o(rf") + krk/ (bt? * =1+ o(tF 1Y) at
0
pbi
p—k

p1
e+ 20 e d e

) 2.13
|k| + 1 ( )

Similarly, from relations (2.8)—(2.12), for kK > p+1 > p, k < —1, and k = 0, we also obtain (2.13).
Thus, it follows from (2.13) that relation (2.3) where ps = p1 < p and dy, is given by formula (2.4),
holds uniformly in k£ € Z.

Now let p € N. Then an entire function f, f(0) = 1, has the form (1.1), where Q(%) is a polynomial
of degree v < p and p < p is the smallest non-negative integer for which ) \)\n|_p_1 < H4oo,p=p
or p=p—1. If p = p, then formula (2.7) holds for 1 < k < p, and formula (2.8) for & > p + 1.
Therefore, similarly to the case of non-integer p € (0;+00), relation (2.3) where dj are defined by
formula (2.5), holds uniformly in k € Z \ {p} as r — +oo and r ¢ €.

Let kK = p = p. By virtue of (2.6), we have

r\?
eo(r, F) = pQur” + 3 <An> CrdQ (2.14)

[An|<r
Using (2.2), from equality (2.14), for some p2 € (0; p) we obtain as Q Z r — 400
cp(r, F) = (pQ, + 7)1 + o(r?3) = pryeirP 4 o(rP?) = d,rP + o(rP?). (2.15)
Therefore, in the case k = p = p, relation (2.3) also holds with dj, defined by formula (2.5).
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Now consider the case p = p+ 1. Then formula (2.7) is true for 1 < k < p, and formula (2.8) for
k > p+ 1. Therefore, from (2.6) for k=p+1=p and r ¢ Q, we get

on-ofosiB)e 2 ()

=1 [An|<r

= Q" — Y (;)p (2.16)

[An|>r "

Since ) oy |An|P7! < 400 in this case, the relation (2.1) holds with A; = 0. Therefore, for all k € Z
we have ng(r, f) = o(rf*) as r — +oo. Hence, as in the case p = p, the relation (2.3) where dy, is given
by formula (2.5), holds uniformly in k € Z \ {p} as r — 400, r ¢ Q. If k = p+ 1 = p, then, from
(2.16), we get

T, (t,
co(r, F) = pQor? +mn,(r, ) — prp/r ’;/()Hf) dt = pQ,r? + o(r?t) = dyr? + o(rf'), QFr — 4o0.

Therefore, for k = p = p+ 1, relation (2.3) is fulfilled with dj, defined by formula (2.5). Thus, for an
entire function f of order p € (0;+00) with zeros on a finite system of rays I'y,, the relation (2.3),
where dy, is given by formulas (2.4) and (2.5), holds uniformly in k£ € Z. Lemma 2.1 is proved. O

Lemma 2.2. (see [13,14]) In order that an entire function f of order p € (0;+00) with zeros on a
finite system of rays 'y, be a function of improved regular growth with the indicator h(yp) defined by
formulas (1.2) and (1.3), it is necessary and sufficient that relation (2.1) hold for some p1 € (0;p)
and each j € {1,...,m} and, in addition, in the case p € N, equality (2.2) be true for some ps € (0; p)
and 6y € C.

The following statement follows from Lemmas 2.1 and 2.2.

Corollary 2.1. Let an entire function f of order p € (0;+00) with zeros on a finite system of rays
Iy, be a function of improved regular growth with the indicator h(y) defined by formulas (1.2) and
(1.3). Then, for some pa € (0;p), the relation (2.3), where dy is given by formulas (2.4) and (2.5),
holds uniformly in k € 7Z.

Lemma 2.3. (see [22]) An entire function f of order p € (0;+00) with zeros on a finite system of
rays Uy, is a function of improved regular growth if and only if for some ps € (0;p) and ko € Z and
each k € {ko; ko + 1;...;ko +m — 1}, one has

cg(r, F) = dgr? 4+ o(r?), r — 400, 1r¢&Q,
where dy, are defined by formulas (2.4) and (2.5).

3. Main result

Our aim is to prove the following statement.

Theorem 3.1. In order that an entire function f of order p € (0;+00) with zeros on a finite system of
rays Ty, be a function of improved reqular growth, it is necessary and sufficient that for some py € (0; p)
and every q € [1;400), the relation
1 [?™|F(re%) ~
{2 / — ph(ep)
T Jo

q 1/q
dgp} =o(r”7"), r— 4oo, (3.1)

rP
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holds. In this case, h(p) = h(p) — il'(p)/p and the function h(p) is defined by formulas (1.2) and
(1.3).

Proof. Necessity. Let f be an entire function of improved regular growth of order p € (0; +00) with
zeros on a finite system of rays I',,, and h(p) be its indicator given by formulas (1.2) and (1.3). We
have

dy = — e leh(cp) dp = — Z o ﬂ—Jpe lp(wy-l-w)/ ip=k)e de
1 J
m

=——) Nje™i keZ, pe(0;400)\N,
j=1

and in the case p =p € N,

10 2 - m Y42
~ Tfel f (k) 2 —ipt; J i(p—F)
dy, = o /0 et “"dtp—%ZAje LYi N (m— @+ 1;)e P dp

1 «— . bjtem 1 . vt
— Y A / T R g, - > Attt / T il gy
- |

j=1 i

J=1

m .

Similarly, taking into account the identity > Aje~#% =0, p = p € N (see [1, p. 84], [25,27]), for
j=1

k=p=pwe get

~ ” i m o0 Y +2m 1 m Yi+2m - - 0;
— wp __ .o TUPY; _ . o . —ip; i —2ipp
d, = Tpe”t 2W;A]€ J/wj (m—p+1;)dp 477,0;A3/wj (e +ePie ) dy

, 1 & . .
_ 0 - —ipy 10
=T1pe"f o ]E_l Aje I =Tpe"l,

In addition, in the case p+ 1 = p € N, we obtain

~ 1 [27 .
de= o= | Que'"™MPdp=0, keZ\{p},
27'(' 0
and )
- 1 m
dp

=3 ), (Qpcos pp +iQ,sinpple P dp = Q,, k=p=p+ 1

In view of this,

Jk) < A/lp—kl, k € Z\ {p}, where A = 377", A, A; € [0;+00), and p € (0; +00).

Therefore, according to the Fischer-Riesz theorem (see [5, p. 5]), there exists a function h(p) €
L?[0; 2] satisfying h(p) == > ez dre’*?. In addition, by Corollary 2.1, for an entire function f of
improved regular growth of order p € (0;+00) with zeros on a finite system of rays I';,, for some
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p2 € (0; p), the relation (2.3), where dy, is given by formulas (2.4) and (2.5), holds uniformly in k € Z.
From (2.3), it follows that

ck(r, F

) 4, ¢

|k| +1°

< dp == pdy,, k€ Z, (3.2)

rP

for some C' > 0 and all Q # r > ry > 0. Hence, the sequence (r~Pc(r, F') — di)recz belongs to the space
l for all ¢ > 1 and r > 7. Moreover, applying the Hausdorff-Young theorem (see [5, p. 5], [24,25]),

for ¢ > 2, ¢ ' 4+ ¢ ' =1, we obtain
1 2 q 1/q q) /4
— d < .
{er oo
keZ
Due to (3.2), the obtained series on the right-hand side of the last inequality is uniformly convergent
on [ro; +00). Passing termwise to the limit as » — +o00 in this series and using Corollary 2.1, we obtain

relation (3.1) for ¢ > 2. From this and Hoélder inequality it follows that (3.1) holds for 1 < ¢ < 2.
Sufficiency. Let

F(re™)
rP

Ck (T’ F)
reP

— ph(y) —d

1 2w . dk;

dy = e *eh(p)dp, d=—, kEL
p

27T0

and for some py € (0;p) and each g € [1;+00), relation (3.1) is true with h(p) = h(p) — ik'(p)/p,
where h(p) is defined by formulas (1.2) and (1.3). Then, for some ps € (0;p) and each k € Z, we
obtain

ax(rnF) dk‘ _ 1 / Fre) =+
0

— ph(p)

1 2
< -
<5

This yields that for some pa € (0;p) and each k € Z

rP 27 rP

20 _ i)

q 1/q
dgo} =o(r?7?), r — +oc.

rP

ck(r, F) = dgr” + o(r??), r — +oo,

where dj, are defined by formulas (2.4) and (2.5). Hence, according to Lemma 2.3, an entire function
f of order p € (0;400) with zeros on a finite system of rays I';, is a function of improved regular
growth. Thus, Theorem 3.1 is proved. 0
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